ON THE EXISTENCE OF DISK-LIKE GLOBAL SECTIONS FOR 
REEB FLOWS ON THE TIGHT 3-SPHERE 

UMBERTO HRYNIEWICZ AND PEDRO A. S. SALOMAO 

Abstract. We consider Reeb dynamics on the 3-sphere associated to a tight 
contact form. Our main result gives necessary and sufficient conditions for a 
periodic Reeb orbit to bound a disk-like global section for the Reeb flow, when 
the contact form is assumed to be non-degenerate. 
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1. Introduction 

In this work we study global dynamical properties of Reeb flows associated to 
tight contact forms on S 3 . Recall that a 1-form A on a 3-manifold is a contact form 
if A A dX never vanishes. The Reeb vector field R is uniquely determined by the 
equations 

(1) i R d\ = 0, i a \ = l 

and its flow {<p t } is called the Reeb flow. The associated contact structure is the 
2-plane distribution 

(2) £ = kerA. 

An overtwisted disk is an embedded disk D satisfying TdD C £, T p D ^ £ p Vp € dD, 
and the contact structure is called tight if there are no overtwisted disks. We 
abuse the terminology and say that A is tight in this case. As an example, the 
form Ao = ^Y^j=iQjdPj — Pjdqj on M 4 with coordinates (qi,pi,Q2,P2) restricts 
to a contact form on S 3 , and a result of Bennequin states that Ao|s 3 is tight. 
If / : S 3 — > K \ {0} is smooth then the same is obviously true for /Ao|s 3 and, 
by a deep theorem of Eliashberg, these are precisely the tight contact forms on 
S 3 , up to diffcomorphism. The Reeb flow associated to /Ao|s3 is equivalent to 
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the Hamiltonian flow on a star-shaped energy level inside K 4 equipped with its 
canonical symplectic structure d\ . We look for disks that are global sections in 
the following sense. 

Definition 1.1. Let A be a contact form on S 3 . A disk-like global surface of 
section for the Reeb dynamics associated to A is an embedded disk D S 3 such 
that dD is a closed Reeb orbit, D is transversal to the Reeb vector field and all 
Reeb trajectories in S 3 \ dD hit D infinitely often forward and backward in time. 

It is our purpose to investigate the following 

Question: Given a tight contact form on S 3 , which closed Reeb orbits are the 
boundary of some disk-like global surface of section for the associated Reeb flow? 

If a Reeb orbit is the boundary of a disk which is a global section then it must be 
unknotted and linked to all other closed orbits. Also, it must satisfy certain contact- 
topological restrictions since it bounds a disk transversal to the Reeb vector field. 
This last piece of information is encoded in the self- linking number. Moreover, in the 
non-degenerate case, the flow must "twist" enough with respect to the disk, forcing 
certain restrictions on the linearized dynamics along the Reeb orbit, which are 
encoded in its Conley-Zehnder index. For the precise statement of these necessary 
conditions see Theorem [T3] below. 

1.1. Main result and sketch of the proof. We need to consider systems of 
disk-like global sections as follows. 

Definition 1.2. An open book decomposition^] with disk-like pages of S 3 is said 
to be adapted to A if its binding consists of a closed Reeb orbit, and each page is 
a disk-like global surface of section for the Reeb dynamics. 

Our main result is 

Theorem 1.3. Let X be a non- degenerate tight contact form on S 3 and P = (x,T) 
be a simply covered closed Reeb orbit. Then P bounds a disk-like global section for 
the Reeb flow if, and only if, P is unknotted, its Conley-Zehnder index fJ,cz(P) 
is greater than or equal to 3, P has self-linking number —1 and all periodic orbits 
P satisfying /icz(P) = 2 are linked to P. In this case, there exists an open book 
decomposition with disk-like pages of S 3 adapted to X with binding x(M). 

In the statement above a Reeb orbit P is a pair (x,T), where x is a Reeb 
trajectory and T > is a period of x. It is called simply covered if T is its 
prime period, and unknotted when x(R) is the unknot. We say that P is linked 
to the unknotted orbit P — (x,T) if the homology class of t £ K/Z i-> x(Tt) in 
Hi(S 3 \ x(]R),Z) is non-zero. The Conley-Zehnder index, the self-linking number 
and the non-degeneracy of A are discussed below. 

The proof of sufficiency of the above conditions on P is based on the theory 
of pseudo-holomorphic curves in symplectizations, as introduced by Hofer in his 
ground-breaking work [7]. There are two main steps. First, we use disk-filling 

1 Recall that an open book decomposition of a 3-manifold M is a pair (L,p) where L C M is a 
link, and p : M \ L — > S 1 is a fibration such that each fiber p~ 1 (6) is the interior of a compact 
embedded surface Sg M satisfying dSg = L. L is called the binding and the fibers are called 
pages. If the pages are disks we say that (L, p) has disk-like pages. 
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FIGURE 1 . Unknotted orbit P as in Theorem 1 1 .31 



methods as in [3J [7J [TTJ [TS] to obtain finite-energy planes asymptotic to P from 
a Bishop family of disks with boundary on a suitable disk T> spanning P. The 
necessary compactness for this analysis comes from the linking assumptions between 
P and the orbits with index 2, we explain. If the Bishop family breaks before 
producing a plane we get a punctured pseudo-holomorphic disk with boundary on 
T>, all its punctures are negative and asymptotic to Reeb orbits with Conley-Zehnder 
index > 2. If one orbit has index > 3 then the Fredholm index at the punctured 
disk becomes negative and, consequently, all asymptotic orbits have index 2 when 
the almost complex structure is generic. By standard intersection arguments the 
obtained orbits can not be linked to P. This shows that the Bishop family does not 
brake before it approaches dT>. In a second step we prove that the Bishop family 
can be forced to produce planes with very "fast" exponential decay. This decay 
implies good embeddedness and regularity properties, see |17| . Then, the linking 
assumptions on P again provide the necessary compactness for these planes to be 
pages of an open book decomposition adapted to A. 

1.2. Discussion and historical remarks. The existence question of global sec- 
tions for Reeb flows was first studied using pseudo-holomorphic curve theory in [111 
H3l H4] by Hofer, Wysocki and Zehnder. We establish some notation and recall the 
notions of Conley-Zehnder index and self-linking number before discussing their 
results. 

If A is a tight contact form on S 3 and a; is a Reeb trajectory of period T > 
then 



defines an element of C°°(S 1 ,S 3 ). We can identify P — (x,T) with the element 
of C°°(S 1 ,S 3 )/S 1 induced by the loop Xt- Since t preserves A, we have dX- 
symplectic maps dcj>t '■ £x(o) ~~ ^ £x(t) an d P is called non-degenerate if 1 is not an 
eigenvalue of d(px\i xm - If Train > is the minimal (or prime) period of x then 
its multiplicity is T/T min € Z + , and P is simply covered if the multiplicity is 1. 
The set of periodic Reeb orbits will be denoted by "P(A), or simply by V. If every 
P G V{\) is non-degenerate then A is called non-degenerate. This is a C°°-generic 
condition on A. 

Denoting by Sp(n) the symplectic group in dimension 2n, consider the set E*(l) 
of paths ip E C°°([0,l],Sp(l)) such that (p(0) = I and det(>(l) -7)^0. The 
following statement describes the Conley-Zehnder index axiomatically, see [T5] , 



K/Z S 3 , 



x T (t) := x(Tt) 



4 



UMBERTO HRYNIEWICZ AND PEDRO A. S. SALOMAO 



Theorem 1.4. There is a unique surjective map [i : E*(l) — > Z, called the Conley- 
Zehnder index, satisfying the following axioms: 

(1) The map s <-> fJ.((p s ) is constant if {(p s } is a homotopy of paths in E*(l). 

(2) If ip : [0, 1] — > Sp(X) is a smooth closed loop based at I then 

fi(ipip) = 2Maslov(ip) + n(ip) yip G E*(l). 

(3) If<pe E*(l) then ^((p- 1 ) = -n((f). 

(4) Ifip{t) = e mt then n(<p) = 1. 

The bilinear form dX turns £ = ker A into a trivial symplectic bundle. Fix 
P = {x,T) 6 V . Any global symplectic trivialization of (£, dX) represents d(f>Tt ■ 
£r(o) ~~ ► $x(Tt)i t G [0> 1]) as a smooth map <p : [0, 1] — > Sp(l). If P is non-degenerate 



then ip € E*(l) and we can use the index (i from Theorem 1.4 to define 

Vcz(P) ■= n{ip) G Z. 

This is independent of the chosen global trivialization. The following important 
definition is originally found in |14j . 

Definition 1.5 (Hofer, Wysocki and Zehndcr). The contact form A on S 3 is called 
dynamically convex if ncz(P) > 3 for every closed Reeb orbit P £ V(X). 

The self-linking number sl(L) of any knot L C S 3 transverse to £ is defined as 
follows. Choose a Seifert surfacqjE for L and a smooth non- vanishing section Z of 
£ — > S 3 . Z can be used to slightly perturb L away from itself to another transverse 
knot L e — {exp x (eZ x ) : x € L}. A choice of orientation for E induces orientations 
of L and L e . Then 

(3) sl(L) := L t ■ E G Z, 

where S 13 is oriented by A A dA and L e • E is the oriented intersection number of L 
and E. It is independent of all choices. 

Disk-filling methods were first used in (TTJ [T3] to obtain disk-like global sec- 
tions of dynamically convex Reeb flows. For instance, the following theorem is a 
consequence of results from [13] and [14]. 

Theorem 1.6. If the non-degenerate dynamically convex tight contact form A on S 3 
admits an unknotted prime closed Reeb orbit Pq — (xq,Tq) satisfying hcz(Pq) = 3 
and sI(Pq) = —1, then Pq is the binding of an open book decomposition with disk-like 
pages adapted to A. 

In particular, P bounds a disk-like global section. It is also shown in [T3] 
that the tight 3-sphere can be dynamically characterized as a contact 3-manifold 
admitting a pair (A,Pq) with these propertied However, the assumption on the 



Conley-Zehnder index of Pq is too restrictive and can be dropped, see Theorem 1.8 
below. 

Reeb flows on the tight 3-sphere are equivalent to Hamiltonian flows on star- 
shaped energy levels in K , and one obtains dynamically convex contact forms when 
this energy level is strictly convex, see [13]. The following remarkable existence 
theorem is the main result of fl4l. 



2 A Seifert surface for L is an orientable embedded connected compact surface E such that L = c9£. 
3 A contact form A on a 3-manifold M is called dynamically convex if c\ (ker A) vanishes on n2 (M) 
and all contractible closed Reeb orbits have Conley-Zehnder index at least 3. See 1131 for details. 
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Theorem 1.7 (Hofer, Wysocki and Zehndcr). Let A be any dynamically convex 
tight contact form on S 3 . Then there exists a disk-like global surface of section D <—} 
S 3 for the Reeb flow such that the closed Reeb orbit P = 3D satisfies (icz(P) = 3. 

Motivated by the above statements, one might ask what are the necessary and 
sufficient conditions for a closed Reeb orbit of a dynamically convex contact form on 
S 3 to bound a disk-like global section. In the non-degenerate case this question is 
answered in |17| , where the corresponding generalized characterization of the tight 
3-spher^]is also proved. 

Theorem 1.8. Let X be a non-degenerate dynamically convex tight contact form 
on S 3 . A closed Reeb orbit P bounds a disk-like global surface of section if and 
only if P is unknotted and sl(P) = — 1. When P satisfies these conditions it is the 
binding of an open book decomposition with disk-like pages adapted to A. 



The proofs of Theorems 1.7 and 1.8 as well as of the results from [13], strongly 
rely on dynamical convexity and fail in the general case addressed here. We over- 
come this difficulty in two steps. First we note that the linking hypothesis of Theo- 
rcm |1.3| provides the necessary compactness to apply disk-filling methods. Secondly, 
we show that the Bishop family can be forced to produce fast finite-energy planes. 

It is conjectured in [T5] that the following dichotomy holds for tight Reeb flows 
on S 3 : there are either 2 or oo-many closed orbits. In [14] Hofer, Wysocki and 
Zchnder explain how the existence of an open book decomposition with disk-like 
pages that are global sections can be used to confirm the above dichotomy. In fact, 
the first return map to a page preserves a finite area form. Brouwer's translation 
theorem gives a second periodic orbit which is simply linked to the binding. Re- 
sults of J. Franks [5] imply the existence of oo-many distinct orbits in the presence 
of a third orbit. Let us refer to this argument as the "method of disk- like global 
sections" . Hofer, Wysocki and Zehnder also show in [Tj)] that if the contact form 
is generic enough (being non-degenerate is not enough here) then the conjecture 
holds. Theorem |1.3| tells us, in the non-degenerate case, exactly when the above 
conjecture can be verified by the method of disk-like global sections. 



Organization of the article. Section [2] consists of preliminaries. In |2.1| and |2.2 

we give a more detailed definition of the Conley-Zehnder index. Asymptotic op- 



erators, as considered in [SJ, are defined in 2.3 In 2.4 we recall the basics of 



pseudo-holomorphic curve theory in symplectizations. In section [3] we revisit the 



compactness arguments from |15] and prove Proposition 3.10 which is an important 



tool for our bubbling-off analysis. The goal of section|4]is to prove the compactness 
result for families of fast planes, Theorem |4.1| The linking assumptions made in 
Theorem 1 1.3 1 are crucial both in sections [3] and [4] Section [5] is devoted to the proof 



of sufficiency in Theorem 1.3 In |5.1| we use results from [17] to obtain special 



boundary conditions for the Bishop family considered in 
page of the desired open book is proved in subsection 5.3 



5.2 The existence of a 
where the results from 



section 3] are used. In |5.4| we explain how Theorem |4.1| and results from subsec- 
tion |5.3 combine together to conclude the argument. Necessity is proved in section|6] 



A closed connected contact 3-manifold is the tight 3-sphere if, and only if, it admits a non- 
degenerate dynamically convex tight contact form with an unknotted closed Reeb orbit having 
self-linking number —1. 
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2. Preliminaries 

From now on A denotes a tight contact form on S 3 , unless otherwise stated. 

2.1. Conley-Zehnder indices of periodic Reeb orbits. Fix P = (x, T) £ V(X). 
As explained in the introduction, the vector bundle £p := ir T £ —¥ S 1 becomes 
symplectic with the bilinear form dX, and we denote 

Sp = {homotopy classes of smooth symplectic trivializations of £p}. 

If we fix a class a £ Sp and a smooth symplectic trivialization 'S : £p — s- S 1 x M 2 
representing it then there is a bijection Sp <-» Z defined as follows. Let (3 £ Sp 
be represented by The homotopy class of the smooth closed loop $ t o vl/^ 1 
of symplectic matrices depends only on a and 0. Here $ t and denote the 
restrictions of $ and \P to ^m). The function j3 £ S P H> Maslov($ t o "f^ 1 ) £ Z is 
the required bijection, where Maslov is the usual Maslov index for closed symplectic 
loops, see [15] , The formula 

(4) <p(t) = * t • d</> Tt \ x (o) • *o 1 

defines a map ip £ C°°([0, 1], Sp(l)) satisfying <p(0) — I, and P is non-degenerate 
if, and only if, <p £ S*(l). We define ncz(P,ot) := fi((p) £ Z where /i is the index 



described in Theorem 1.4 It follows that Hcz{P,fi) = ^cz{Pi a ) + 2Maslov($ t o 

The symplectic bundle (£, d\) over S 3 is trivial, so we can find a global symplectic 
frame. It trivializes £p and singles out a class 

(5) ap £ Sp 

for every P £ V . We define the Conley-Zehnder index of a closed orbit P by 

(6) Vcz(P) Vcz(P,up)- 

Remark 2.1. In the following we choose a point in the geometric image x(K) of 
each periodic Reeb orbit P = (x, T). It is implicit that x maps £ R to this chosen 
point. 

A number T > will be called a period if it is the period of some P £ V . We 
define 

(7) cr a = inf{T > : T is a period}. 

If the contact form A on S 3 is non-degenerate then, for a fixed C > 0, we can define 

a 2 {C) = inf{|T' — T\ : T' ,T < C are distinct periods} 
^ < o-(C) < min{(Ti,CT 2 (C)}. 

These numbers will be of crucial importance for the analysis that follows. 
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2.2. A geometric description of the Conley-Zehnder index. Later on we 
will need a more geometric description of the index. Fix ip G S*(l) and define 

(9) A:C\{0}^M by A(z) = e -^^ 

where 9 : [0, 1] — > M is a continuous function satisfying € IR+e^'). It is shown 

in [T5] that I(ip) — {A(z) : z G C\{0}} is an interval of length strictly smaller than 
1/2. Since 1 is not an eigenvalue of ip(l) we have that dl(ip) n Z = 0. Thus cither 
this interval contains precisely one integer in its interior or it lies strictly between 
two consecutive integers. Define 

r 2fe+iif/(^)c(M+i) I 

(10) 2fciffce%>). 



One can verify that /x(</?) satisfies the axioms of Theorem 1.4 and, consequently, 
agrees with the Conley-Zehnder index. See the appendix of |15j. 

The proof of the following lemma is a straightforward consequence of the above 
description together with an analysis of the spectrum of the linearized Poincarc 
map, and will be omitted. See [TS] for more details. 

Lemma 2.2. Suppose X is non- degenerate and let P = {x,T) be a closed Reeb 
orbit. For j G Z + consider the orbit P J = (x,jT), and fix positive integers I < k. 
The following assertions hold. 

(i) Ifvcz{P k ) = 1 then vcz{P l ) = 1. 

(ii) Ifncz{P k ) < then [i C z{P l ) < 0. 

(hi) If ncz(P k ) = 2 then k,l and ncz{P l ) belong to {1,2} and P is hyperbolic. 
If I = 1 and k = 2 then ncz(P) = 1- 

2.3. Asymptotic operators. A smooth complex structure J on £ is said to be 
dA-compatible if the bilinear form d\(-,J-) is a positive inner-product on £ p for 
every point p E S 3 . As is well-known, the set ^(^dX) of such complex structures 
is non-empty and contractible. 

Fix J G J~(£,d\) and P = (x, T). Then J induces the complex structure x* T J 
on £p, still denoted by J for simplicity. We have an unbounded closed operator 

A P : W 1,2 (£ P ) C L 2 (£p) -+ L 2 (£p) 

J(-V t ?7 + TV^). 

Here i? is the Reeb vector and V is any symmetric connection on TS 3 . The reader 
easily checks that Ap is independent of V. 

Remark 2.3 (Winding Numbers). Let (E,J) be any complex line bundle over 
S 1 , and consider two non- vanishing sections Z and W of E. We find smooth 
functions a, b : S 1 —> R satisfying W = aZ + bJZ since {Z, JZ} is pointwise 
linearly independent. The function / : S 1 — > C defined by f(t) = a(t) + ib(t) does 
not vanish and we define 

(12) wind(W, Z) = dcg -^j- G Z. 

This integer depends only on the homotopy classes of the non-vanishing sections 
Z and W, and on the homotopy class of the fiberwise complex structure J. Here 
we understand S 1 as oriented counter-clockwise. If (E, fi) is a rank-2 symplectic 
bundle over S 1 then there is a preferred homotopy class of complex structures on 
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E, namely, the ones which are fi-compatible. Hence wind(W, Z) also makes sense 
for non-vanishing sections W, Z in this case. 

The bundle £p is symplectic with the 2-form dX. Let W be a non-vanishing 
section £p and choose a £ Sp. If \& is some trivialization in class a then we can 
define 

wind(W, a) = wind(W, {t ^ ij/^ 1 • e{\) 

where *ff t is the restriction of *ff to £ x (rt) an d ei = (1,0) G K 2 . Here the winding 
number is computed with respect to any J € dA). We shall say that W does 
not wind with respect to a if wind(W r , a) — 0. This is equivalent to saying that there 
exists a symplectic trivialization iff' in class a such that iff' t ■ W(t) = e\ Vi € S . 

Choose a symplectic trivialization ^ of £p. As in subsection |2.1| we denote 
(ys(t) = \l/ t • d^Tt • 1 £ Sp(l) the local representation of the linearized Reeb flow 
given by 'J. Let r\ be any section of £p and define w : S 1 — > R 2 by v(t) — iff t • ??(*)■ 
Then 

• (4 P »j)(t) = -J(t)v(t) + S(t)v(t), 

where J(t) = * t • J • # t _1 and S(t) = J (t^t)?' 1 {t) . Th e 

reason is that the linear 

flow generated by the equation 

-V t ( + TV c R = 
is precisely d(j>Tt, that is, the solution of the above system is the section 

C(i) = # Tt • Co 

where C(0) = Co € £x(o)- Since J is dA-compatible, (•, —JoJ(t)-) is an inner-product 
on M 2 and the matrix S(t) is symmetric with respect to this inner-product. A 
number of non-trivial facts about Ap follows from this local representation, as 
pointed out in [S]. We summarize them in the following statements. 

Lemma 2.4 (Hofer, Wysocki and Zehnder). Ap has a discrete real spectrum accu- 
mulating only at ±00. The geometric and algebraic multiplicities of each eigenvalue 
agree and this multiplicity is either 1 or 2. Fix eigenvalues a,j of Ap and let rjj be 
a non-trivial eigenf unction ofaj, for j = 1,2. Fix any a € Sp. 

(1) If ai = a 2 then wind(rji,a) — wind(rj2,oi). 

(2) If a\ =^ a 2 and wind(r]i,a) — wind(r]2,a) then r\\ and r\ 2 are pointwise 
linearly independent. 

(3) If ai < <22 then wind(rji,a) < wind(j]2, 

Let a be an eigenvalue of Ap and a G Sp. In view of the lemma above we can 
define 

(13) wind(a, a) :— wind(?y, a) 

where rj is any non-trivial eigenfunction of a. 

Lemma 2.5 (Hofer, Wysocki and Zehnder). Fix any a € Sp. For every k E Z 
there are precisely two eigenvalues a and b of Ap (counting multiplicities) such that 



k = wind(a,a) = wind(b,a). 
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It was shown in [9] that the Conley-Zehnder index can be described in terms of 
the spectrum of Ap in the following manner. The orbit P = {x, T) is non- degenerate 
if, and only if, is not an eigenvalue of Ap. In any case, set 

v nea — maxji/ < is an eigenvalue of Ap} 

(14) 

v v ° b = min-jV > is an eigenvalue of Ap}. 

Fix some a G Sp and define p — |(1 + (— l) b ) where b is the number of strictly 
negative eigenvalues (counted with multiplicities) which have the same winding as 



(15) Mcz(P,a) = 2wind(i/ ,e »,a) +p. 

This provides an extension of the Conley-Zehnder index to degenerate orbits. See [14] 
for more details. 

2.4. Pseudo-holomorphic curves in symplectizations. We now recall the ba- 
sic definitions and facts from the theory of pseudo-holomorphic curves in symplec- 
tizations introduced by Hofer and later developed by Hofer, Wysocki and Zehnder. 
Pseudo-holomorphic curves were introduced in symplectic geometry by M. Gro- 
mov in 6J. In his fundamental work 7 H. Hofer was the first to use them in the 
non-compact setting of symplectizations in order to study the three dimensional 
Weinstein conjecture. We now recall the most basic definitions of this theory and 
refer the reader to the literature as we proceed. 

In this subsection A will be a contact form on the closed 3-manifold M and 
£ = kerA the induced co-oriented contact structure. The Reeb vector field R is 
defined as before in ([I]). There is a projection 

(16) 7T : TM ->■ £ 



uniquely determined by ker tt = M.R. As remarked in subsection 2.3 the set J"(£, dX) 
of (iA-compatible complex structures on £ is non-empty and contractible and, from 
now on, we fix some J G J{^,d\). The equations 

(Jd a = R 

\j\ ( = J 

induce an almost complex structure JonKx M, where a is the ]R-component in 
R x M. 

2.4.1. Finite energy surfaces. 

Definition 2.6 (Hofer). Let (S,j) be a closed Riemann surface and V C S be 
a finite set. A map u: S\T—^M.xM is called a finite-energy surface if it is 
J-holomorphic, that is, it satisfies the non-linear Cauchy-Riemann equations 

(18) Bj(u) = ^(du + J(u) -du-j) =0 

and also an energy condition < E(u) < +oo. The energy E(u) is defined as 
follows. Set A := {0 G C°°(R, [0, 1]) : <j>' > 0} and define 



E(u) = sup / u*d(ct>\). 
4>eAJs\r 



<peAJs\r 

If S = S 2 and #r = 1 we call u a finite-energy plane. 
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The elements of T are called punctures. Write u — (a,u), choose z £ T, a holo- 
morphic chart <p : (U, 0) — > (tp(U), z) centered at z and set u(s, t) — uoip(e~ 2 '*( s+lt ^) 
for s> 1. Condition E(u) < oo implies that 



(19) m= lim / u* A 

exists. The puncture z is called removable if m = 0, positive if to > and negative 
if to < 0. A removable puncture can be removed by an application of Gromov's 
removable singularity theorem. The c?A-energy of u is defined by 

u*dX. 

s\r 

It is clearly bounded by E(u) from above. Note that at least one puncture is 
positive and non-removable. 

Theorem 2.7 (Hofer). In the notation explained above, suppose z is non-removable 



and let e = ±1 be the sign of m in {19). Then every sequence s n — > +oo has a 



subsequence s„ k such that the following holds: there exists a real number c and a 
periodic Reeb orbit P = (x,T) such that u(s nk ,t) — > x(eTt + c) in C°°(S 1 , M) as 
k — > +oo. 

2.4.2. Asymptotic behavior. 

Definition 2.8. Let (S,j), T and u be as in Definition |2.6| Fix a non-removable 
puncture z £ T, choose a holomorphic chart (p : (U, 0) — > (tp(U),z) centered at z 
and write u(s,t) = (a(s , t) , u(s , <)) — uo (p(e~ 27rt - s+lt >) for s>l. Define to by (19) 



and let e = ±1 be its sign. We say that z is a non-degenerate puncture of u if 

there exists a periodic Reeb orbit P = (x.T) and constants c, d £ M. such that 

(1) sup tgS i \a(s,t) — eTs — d\ — > as s — > +oo. 

(2) u(s,t) -> x(eTt + c) in C°(S rl ,Af) as s -> +oo. 

(3) If 7r • du does not vanish identically over S\Y then 7r • c?u(s, t) ^ when s 
is large enough. 

(4) If we define ((s,t) by u(s,t) = exp x r eTt+c \ £(s, then 36 > such that 
sup 46S i e bs |£(s,i)| — ;> as s — > +oo. 



Here tt is the projection (16). This definition is independent of the holomorphic 
chart ip and the exponential map. In this case we say u is asymptotic to P at 
z and that u has non-degenerate asymptotic behavior at z. We say that u has 
non-degenerate asymptotics if this holds for every puncture. 

The following theorem is a partial result extracted from [H] , where a much more 
precise asymptotic behavior is described. 

Theorem 2.9 (Hofer, Wysocki and Zehnder). If X is non- degenerate then every 
finite-energy surface has non- degenerate asymptotics. 



2.4.3. Algebraic invariants. Let u, S and F be as in Definition |2.6| and assume u 
has non-degenerate asymptotics. If we write u = (a, u) then it ■ du is a section of 



the complex line bundle £ = A°' 1 T*(S \ T) ® c over S\T. It follows from Q 
that it satisfies a Cauchy-Riemann type equation 

7T • du ■ j = J(u) ■ TT ■ du. 
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Thus either tt • du = or the zeros are all isolated and count positively for the 
oriented intersection number with the zero section of £. This follows from an 
application of Carleman's Similarity Principle, see [3]. Consequently 



7r • du = / u*d\ = 0. 
Js\r 

When tt • du ^ 0, Hofer, Wysocki and Zehnder define in [5J 
(20) wind^u) = #{zeros of 7r • du} 

where the zeros are counted with multiplicity. In this case, the above remarks show 
that < wind 7r ({t) < oo coincides with the oriented intersection number of tt ■ du 
and the zero section of £ . 

We know that the bundle u*£ is trivial as a complex (or symplectic) bundle since 
r 7^ and m*£ carries a symplectic form. Now consider a non-vanishing section 
Z of If z E r is non-removable choose a holomorphic chart (p : (£?i(0),0) — > 
(ip(Bi(Q)),z) for S centered at z and write u(s,t) = u((p{e^ {s+t ^)) for s > 0. 
Define 

windoo(u, z, Z) = lim wind(t i— > tt ■ d s u(s, et), 1 1-> Z(u(s, et)) 

s— f+oo 

where e = ±1 is the sign of z as a puncture. Here the winding numbers are computed 



with respect to any dA-compatible J : £ — > £, as explained after Remark 2.3 This 
is independent of the choice of (p and J. Now assume T consists of non-removable 
punctures and split T = T + U T~ into positive and negative punctures. Finally we 
define 

(21) windoo(u) = wind^ (u, z, Z) - wind 00 (u, z, Z). 

zer+ zer- 

It follows from standard degree theory that this number is independent of Z. 

Remark 2.10. Later on we will be dealing only with the tight contact structure on 
S 3 , which is a trivial bundle. Then we shall choose a global non- vanishing section 
Z : S 3 — > £ and write simply wind 00 (u, z) instead of wind 00 (u, z, Z). 

Theorem 2.11 (Hofer, Wysocki and Zehnder). Let u = (a,u) be a finite- energy 
surface defined on S\T, where (5 1 , j) is a closed Riemann surface and T c S is a fi- 
nite set consisting of non-removable punctures. If u, has non- degenerate asymptotics 
then 

wind^lu) = windoofa) — x(S) + #r. 

Since wind^u) is always non-negative, it follows from the above theorem that 
wind oc ({t) > 1 for planes. 

Definition 2.12 (Fast Planes). A finite-energy plane u is called fast if it has non- 
degenerate asymptotics, its asymptotic limit at oo is a simply covered closed Reeb 
orbit and window) = 0. 

2.4.4. Surfaces with vanishing dX-energy. The following important theorem is pro- 
ved in [9]. 

Theorem 2.13 (Hofer, Wysocki and Zehnder). Let u = (a, u) : C \ V -> K x M be 

a finite-energy punctured sphere, where V C C is the finite set of negative punctures 
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and oo is the unique positive puncture. Ifir-du = then there exists a non-constant 
polynomial p : C — > C and a periodic Reeb orbit P = (x, T) € V such that 

p (0) = T and u — Fp o p 
where F P : C \ {0} R x M is defined by F P (z = e 2lT{s+it ^) = (Ts, x{Tt)). 

Remark 2.14. In the above statement note that if p has degree k then the asymp- 
totic limit of u at oo is P k = (x, kT). 

Corollary 2.15. If u = (a,u) is a finite-energy plane then J c u*dX > 0. 

2.4.5. Cylinders with small energy. The following theorem is Lemma 4.9 from |15j . 
and is crucial for the so-called "soft-rescalling" . See also [16] . 

Theorem 2.16 (Hofer, Wysocki and Zehnder). Fix numbers C > 0, e > and let 

W be a S 1 -invariant open neighborhood of the set of loops 

{te S 1 x(Tt) e M : P= (x, T) € V} 

in the space C°°(<S' 1 , M). Assume that A is non- degenerate and that if P and P are 
distinct closed Reeb orbits then the loops t t— > x(Tt + c) and t t— > x(Tt + d) belong 
to distinct components ofW, for every c, d £ R. Let a(C) be defined by |<9p. Then 
there exists h > such that the following holds. If 

u = (a, u) : [r, R] -> R X M 

is a smooth map satisfying 

dj{u) =0, E(u) <C, I u*d\<a{C) and [ u*\>e 

and if r + h < R — h then each loop u(s, t) £ M with s 6 [r + h, R — h] 

belongs to W. 



3. BUBBLING-OFF ANALYSIS 

In this section we make the following important standing assumption: 
A is a non-degenerate tight contact form on S 3 . 
We fix a Riemannian metric on R x S 3 of the form 
(22) go = da da + Tr* S 3g 

where g is some Riemannian metric on S 3 . Here 7153 : R x S 3 — > S 3 and a : 
R x S 3 — > R are projections onto the second and first coordinates, respectively. For 
any point (r,p) £ R x S 3 and any real linear map L : C — > Tf r>p \(M. x S* 3 ) we shall 
always denote by \L\ the norm induced by the Euclidean inner- product of C and 
by the metric go. 

We also fix some J € i7(£, dA) which, in turn, induces the almost complex 



structure J on R x S 3 by formula (17) 
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3.1. Estimates on the Conley-Zehnder indices. The following theorem can 
be extracted from [5]. 

Theorem 3.1 (Hofer, Wysocki and Zehnder). Let (S,j) be a closed Riemann sur- 
face, r C S be a finite set and 

v = (6, v) : S \ T -> R x S 3 

be a finite energy surface such that V consists of non-removable punctures. Fix 
z G r and assume v is asymptotic to P = (x,T) at z. Choose a holomorphic chart 
V> : (Bi(0),0) {V,z) centered at z. Write v{s,t) = 6(>/;(e~ 2Tr(s+lt) )) for (s,t) € 
R + x S 1 if z is a positive puncture, or v(s,t) — i5(i/>(e 27r ( s+tt ))) for (s,t) € R~ x S* 1 
j/z is a negative puncture. By rotating the chart we can assume v(s, t) — > x(Tt) in 
C 00 (S 1 , S 3 ) as \s\ — > +oo. Then either ir ■ dv vanishes identically or 

(1) If z is a positive puncture then there exists a smooth non-vanishing function 
f : R+ x S 1 -> K sucft that 

lim f(s,t)ir-d s v = r)(t) mC oo (S' 1 ,0 

where n is an eigenfunction of Ap associated to an eigenvalue v < 0. 

(2) if z is a negative puncture then there exists a smooth non-vanishing function 
f : R- x S 1 -> K smc/i </iaf 

lim f(s,t)Tr-d s v = r](t) inC^iS 1 ,^) 

s — ^ — oo 

where n is an eigenfunction of Ap associated to an eigenvalue v > 0. 

Note that the above statement is valid if one assumes, as we have, that the 
contact form is non-degenerate. 

Corollary 3.2. Let (S,j), T, v — (b,v), z 6 T and P = (x,T) be as in the 
statement above. Define u pos and v ne9 by Ifit-dv does not vanish identically 

then 

(1) windooiv, z) < wind{v neg ,ctp) if z is a positive puncture. 

(2) windooiv, z) > wind{v pos ,ap) if z is a negative puncture. 

The proof of the above corollary follows immediately from the definition of 
windoo , from Theorem |3.1| and from Lemma |2.4| See also Remark |2.10| 

Lemma 3.3. Let F = {zi, . . . , z jy} C C be non-empty and finite, and let 

u = (a, u) : C = C \ T -> K x S 3 

be a finite-energy surface with exactly one positive puncture at oo, and negative 
punctures at the points ofT. If u is asymptotic to P^ at oo and is asymptotic to 
Pj at Zj (j = 1 . . . N) then the following assertions are true. 

(1) If j^u*d\ > and fJtcz(Poo) < 1 then Hcz(Pj ) < 1 f or some jo € 
{1,...,N}. 

(2) If J t u*d\ = and fJ, C z(Poo) = 1 then vcz(P 3 ) = 1 Vj = 1, . . . N. 

(3) If J t u*d\ = and /j,c z (Poo) < then ncz{Pj) < Vj = 1, . . . N. 



Proof. Equations ( 14 1 define special eigenvalues v v ° s > > vj e9 of the asymptotic 
operators Ap j . In trie same way we have special eigenvalues > > v^ a of the 
asymptotic operator Ap x . 

Suppose, by contradiction, that ncz(Pj) > 2 for every j = 1 ... N, \icz{Poo) < 1 
and that n-dv does not vanish identically. It follows easily from this assumption and 
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from (15) that wind(^J ><Xpj) ^ 1 f° r every j = 1...N. By the same reasoning 



we can estimate wind(^ e9 , ap x ) < 0. By Corollary 3.2 we have 
windoo (u, oo) < wind(^ e9 , a Poc ) < 
windoo (w, Zj) > wind(^J os , ap 3 ) > 1 \/j = 1 . . . N. 
Theorem |2.11| implies 

1 - JV < wind 7r (?i) + 1 - JV 

= wind 7r (u) + x(S 2 ) — (N + 1) = wind 00 ({t) 

JV 



= windoo(u, oo) — windoo (u, Zj) 



< 



N 



-JV 



which is a contradiction. The first assertion is proved. 

Assume n ■ du vanishes identically. If = (#oo>^oo) then denote by r > 
the minimal positive period of the Reeb trajectory Xoq. Theorem |2.13| implies 
that each orbit Pj is of the form Pj = (xqq , fc,-r) with integers kj > 1, and that 



Too = Sf=i % T - ^ f°ll° ws from Lemma 



2.2 



that 



»cz(Pj) = 1 Vj = l. 
Mcz(P^) < Vj = 1 . 



.AT, 
. JV. 



□ 



(a, u), Pqo, Pi, ... , P/v be exactly as 



fJ-cz(Poc) = 1 
Mcz(Poo) < 

Lemma 3.4. Let V = {z\, . . . , z^} ^ 
in the statement of Lemma \3.S\ Suppose that at least one of the following assertions 
is true. 

(i) ncz{Pj) > 2 Vj = 1 . . . JV, J^u*d\ > and windoo^u, oo) < 1. 

(ii) ncz{Pj) > 2 Vj = 1 . . . JV and ncz(Poc) < 2. 
Then \x C z{Pj) = 2 Vj = 1 . . . JV. 

Proof. Assume (i) . As in the proof of the previous lemma, we note that it follows 



from our assumptions, from Theorem 3.1 Corollary 3.2 and ( 15 1 that windoo (u, Zj) > 



1 for j = 1,...,JV. Suppose, by contradiction, that there exists jo such that 
fi>Cz(Pj ) > 3. Then, as before we have windoo (u, Zj Q ) > 2. Consequently 

1 - JV = X (S 2 ) - (JV + 1) 

< window) + X (S ,2 )-(JV + 1) 
= windoo (u) 

N 

= windoo(u,oo) — windoo (u, Zj) 

3=1 

< l-(JV-l)-2 
= -JV. 

This is a contradiction. 

Now assume (ii). If J^,u*d\ > then ncz(Poo) < 2 implies windoo(u, oo) < 1, 
and we have (i). If u*d\ = 0, Poo = (^ooj ^oo) an d t > is the minimal positive 
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period of Xoo then it follows easily from Theorem 2.13 that each orbit Pj is of the 
form Pj = (xqo, kjT) with integers kj > 1 satisfying = Ylj—i kjT. Lemma 2.2 
implies that ncz(Pj) £ {1, 2} for j = 1 . . . N. Our assumptions imply ficz(Pj) = 2 
for j = 1 ... N. □ 

3.2. The bubbling-off tree. The following statement is a standard tool for the 
bubbling-off analysis. 

Lemma 3.5. Fix any contact form X on S 3 and any J G J7"(£ = ker A, d\). Let 

r C C be finite, Uk C C \ V be an increasing sequence of open sets such that 
UfcJ/fe = C\r and ff. be a sequence of positive smooth real functions on S 3 satisfying 
fl-—¥\in C°° . Define A& = fkX and suppose Jk £ i/(£, dXk) satisfy Jk — > J in C°° . 
Let Vk = {bk,Vk) ■ Uk — > K x S 3 be a sequence of Jk-holomorphic maps satisfying 
E{vk) < C < oo Vfc, and Zk € Uk be a sequence satisfying \dvk(zk)\ — > +oo and 
inffe dist{zk,T) > 0. Suppose further that {zk} is bounded or that 3n such that U n 
is a neighborhood of oo. Then for every < s < 1 there exist subsequences {vkj} 
and {z^}, sequences {z'j} and {rj}, a contractible periodic Reeb orbit P' for X of 
period T' such that \z nj — z'j\ —¥ 0, rj — > + . T' < C and 



limsup / u*.c?A>sT'. 

j-s-+oo J\z-z'-\<rj 3 



j^+oo J\z-z' j \<r j 

Let us fix a sequence 

(23) R n G [0, +oo] satisfying R n —> +oo. 
We study a sequence of non-constant J-holomorphic maps 

(24) v n = (b n , v n ) : B Rn (O)cC^MxS 3 
satisfying 

supE(v n ) = C < +oo 

n 

(25) sup [ v* n dX < (7(C) 

{b n (2)} is bounded. 
Here o(C) is the constant in Define 

(26) f = {zeC: 3nj oo and Zj — > z satisfying \dv nj (zj) \ +oo}. 



Then, by Lemma |3.5[ T C D and we may assume #T < oo after the selection of a 
subsequence. We have uniform bounds for the first derivatives of v n over compact 
subsets of C \ r. It also follows from standard arguments that after extracting a 
subsequence of v n , still denoted v n , we can assume the existence of a J-holomorphic 
map v : C\r^Mx5 3 such that 

(27) v n -4iinQ™(C\r,IxS 3 ). 

It is not hard to see that if T =/= then v is not constant, but v could be constant 
if T = 0. We want to rule out this situation and, therefore, assume 

(28) E(v) > 0. 

The inequality E(v) < C follows from Fatou's Lemma. 
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Definition 3.6. A germinating sequence with energy bounded by C > is a 
quadruple (R n7 v n ,Y,v) where R n and v n are as in (23 1 and (24 1 satisfying (25) 
and m\) for some v £ C°°(C \T,lx S 3 ). Here T C C is the set defined in M 



which is assumed finite, and v satisfies ( 28 ) 



Lemma 3.7. Fix C > and let (R n , v n , Y, v) be a germinating sequence with energy 
bounded by C . The following assertions are true: 

(1) Every point z € T is a negative puncture and v is asymptotic to some 
periodic Reeb orbit P z e V at z. 

(2) oo is a positive puncture and v is asymptotic to some periodic Reeb orbit 
Poo 6? at oo. 

The arguments for the proof of the lemma above can be found in the now 
vast literature concerning bubbling-off of finite-energy surfaces in symplectizations, 
see [[J H HU US HI E3 . We only sketch them here. 



Sketch of the proof of Lemma \3.7\ A ssume z G V is a positive puncture of v — 
(b,v). We know from Theorem 2.7 that there exists a sequence r n — > + such 
that J gB ^ v*X — > —T' as n — > +oo, where T' > is the period of some closed 

Reeb orbit and dB Tn (z) is oriented counter-clockwise. So, fixing r > small such 
that f gg < -T'/2 we find k large satisfying J B ^v* k d\ < -T'/2 < 0, a 

contradiction. This proves z is a negative puncture. The assumption E(v) > 
now implies that oo is a non-removable positive puncture. Theorem |2 . 9| finishes the 
proof. □ 



As is well-known, a germinating sequence can be seen as the germ of a so-called 
bubbling-off tree of finite energy spheres. The construction of this tree was first 
done in the pioneering work [15] . We shall not give all the details of the construction 
and will only consider what we need for our results. 

Let T be a finite rooted tree, that is, T is a connected graph with no cycles and 
with a distinguished vertex called the root. The set of edges will be denoted by 
E and the set of vertices by V. We orient each edge as going away from the root. 
Thus each vertex distinct of the root has a unique incoming edge coming from its 
parent and possibly many outgoing edges going to its children. A leaf is a vertex 
with no children. There is also a level structure on V, namely, the level of a vertex 
is the minimal number of edges necessary to reach the root plus one. Thus, the 
root is the only vertex in the first level, its children are the vertices in the second 
level, and so on. 

Let us associate a finite energy surface u q : C \ Y — » K x S 3 to each vertex 
q € V such that oo is the unique positive puncture of u q and T C C is a finite set 
consisting of negative punctures of u q . Moreover, the collection {u q : q 6 V} is 
required to satisfy the following compatibility conditions: 

• Each edge going out of q corresponds to a unique negative puncture of u q , 
and vice-versa. 

• If q' is a child of q and z is the negative puncture of u q corresponding to the 
edge going from q to q' then there exists a closed Reeb orbit P such that 
u q is asymptotic to P at the negative puncture z and u q i is asymptotic to 
P at its positive puncture oo. 
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Figure 2. A finite tree T and a bubbling-off tree of finite energy 
spheres modeled on T. 



The set {u q : q £ V} of finite energy spheres satisfying the above properties 
and compatibility conditions will be called a bubbling-off tree of finite en- 
ergy spheres modeled on T. The situation considered here is, of course, much 
simpler than the more general holomorphic buildings treated in [2 [3]. For example, 
according to the above definition, leaves correspond to planes (no outgoing edges 
= no negative punctures) and the whole tree is topologically a disk. 

We shall now indicate how a germinating sequence induces such a bubbling-off 
tree. This beautiful construction, originally due to Hofer, Wysocki and Zehn- 
der [TS], is the precursor of the SFT-Compactness Theorem from [H H] which 
adapts Gromov's Compactness Theorem to the more general situations needed 
in Symplectic Field Theory. 

Fix C > and let (R n ,v n = (b n ,v n ),T,v — (b,v)) be a germinating sequence 
with energy bounded by C, as in Definition 3.6 Let {P z : z £ V} and be the 



asymptotic limits at the punctures V U {oo} of v. It follows from Lemma 3.7 that 
each z G r is a negative puncture and oo is the unique positive puncture of v. Let 
To be the rooted tree consisting of exactly one vertex q (the root) and no edges. 
We associate the finite energy surface v to the root of To. If T = then we are 
done constructing the bubbling-off tree. If not then we proceed. 

The mass of a puncture z £ T is defined in the following manner. For each e > 
small the limit 

m e (z) — lim / v^dX — lim / u*A = / v*X 
™^°° Jb. (z) Job, (z) Job £ (*) 



exists in view of (27). It is a non-decreasing function of e since v is J- holomorphic. 



Following [15] one defines 
(29) 



m(z) = lim mJz). 

6-J-0+ 



Fix a negative puncture z' £ T. It follows easily from Lemma 3.5 that 
(30) m(z') > o-i 

where <j\ was defined in ([T]). Fix e > small enough so that 

a{C) 



(31) 



m e (z') — m(z') < 
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where er(C) is given in (18|. Let z n € B e (z') be such that 



(32) b n {z n ) = inf{6„(C) : C G B e (z')}. 

Then z n — > z' . This follows easily from the fact that v n — > v in Cj^ c (C \ L) and 
that z' is a negative puncture of v. Since m t (z') > m(z') > ct\ > a(C) we can find 
< 5 n < e such that 

(33) f v* n d\ = a(C). 

J B c (z')\B Sn (z n ) 

If liminf S n > choose < e' < min{liminf 8 n , e}. We get 

= lim / ^n*^ 

™^°° J B t (z')\B t ,(z') 



> lim / <dA = (r(C). 

n ^°°yB.(«')\fl«„(*») 

This contradiction proves that liminf 5 n — 0. Thus we can assume 5 n — > 0. Define 

w n = (d n ,w n ) : B K (0)4lx S 3 

(34) ( d n (z) = b n (z n + 5 n z) - b n (z n + 28 n ) 
| w n (z) = v n (z n + S n z) 

where R' n —> oo is some sequence such that Bs n w (z n ) c B e (z'). It follows imme- 
diately from ( 33 ) that 

(35) lim sup / w* n d\ < <r(C). 



Now we define 

r' = {z G C : 3nj — > oo and Q — > z such that \dw n , — > +00} . 



It follows from Lemma 3.5 and (35) that L' C D and, up to the choice of a subse- 
quence, we may assume #L' < 00. Thus we have uniform bounds of the derivatives 
of the sequence w n on compact subsets of C\T'. Elliptic boot-strapping arguments 
and the condition w n (2) £ {0} x S 3 together imply that we can find a smooth 
J-holomorphic map 

w = (d,w) :C\T' ^RxS 3 
and extract a subsequence of w n , still denoted by w n , such that 

w n ^win C% C (C \ V, R x S 3 ). 



Clearly if T' 7^ then w is not constant. This follows easily from Lemma 3.5 If 
V = then 

/ w*d\ = lim / w^dX = lim / v^dX 



= lim / v* n dX — / w*c!A 

n-*x>JB e (z') J B e (z')\B Sn (z n ) 

= m e (z') - cr(C) > (Ti - cr(C) > 0, 
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which shows that w is not constant in this case as well. Hence 

< E(w) < C. 

We proved that (Rf n , w n , V, w) is a germinating sequence with energy bounded by 
C. Lemma |3.7| will tell us that oo is a positive puncture of w and the points of V 
are negative pu nctu res of w. 



By Theorem 2.9 we know w is asymptotic to some closed Reeb orbit P at the 



positive puncture oo. Suppos e v is asymptotic to P z > at the negative puncture z'. 



One can argue using Theorem 2.16 that P — P z i. We reproduce the argument here 
for the reader's convenience. 

Let W be a ^-invariant open neighborhood in C°°{S 1 , S 3 ) of the set of loops 

{te S 1 ^ x(Tt) e S 3 : P = (x,T) G V(X) satisfies T < C} 

such that if P = (x, T) ^ P = (x, f) are distinct closed orbits with max{T, f}<C 
then the loops t i-> x(Tt + c) and t h-> x(Tt + d) belong to distinct components 
of W, for every c,d gl. Such W exists since A is assumed to be non-degenerate. 
Now, in view of Theorem |2.9| we can find < po < e such that p < po implies that 
the loop 

(36) in* v(z' + pe i2nt ) 

belongs to W. By the same token, we find Rq 1 such that if R' > Rq then the 
loop 

(37) 1 1— > w(R'e lM ) 



belongs to W. For any < p < p the loop Q is the limit in C 00 ^ 1 , 5 3 ) of the 
sequence i H> w„(z„ + pe z2nt ). Analogously, for any fixed i?' > Rq the loop (37) is 



the limit of the sequence 1 1-> w„(z n + S n R'e l27rt ). It follows easily from (30) that 



e := liminf / i>*A > 0. 

JdB SnRo (z n ) 

We can now apply Theorem |2.16| to C, e and W to find h > such that if p € 
[S n R e h , poe~ h ] then the loop t *-> v n (z n + pe l27rt ) belongs to W, for every n. This 
shows that t H> u(z' + e~ h poe l2 ' Kt ) and £ H> w(e h Roe l27Tt ) are loops in the same 
component of W. It follows that P z / = P. 

We can now add a new vertex to our tree To, an edge going from the root q 
to q' and associate the finite energy sphere w to q' . 

Obviously one can do the same for every negative puncture of the curve v in 
the set r. After this process we obtain a new tree T\ with root q, and we have 
succeeded in constructing the second level of our final bubbling-off tree. 

We now proceed in the same manner with the negative punctures of the curves 
associated to the second level of tree. If there are any such punctures then we con- 
struct the third level, and so on. After each step of the rescaling procedure described 
above we produce a curve which has non-vanishing dA-energy or at least two nega- 
tive punctures. This observation, first proved in [T^], implies that this procedure has 
to end after a finite number of steps in view of the estimate sup ra E(v n ) = C < oo. 

Thus, the arguments of |15j explained above prove 

Theorem 3.8. Let (R n ,v n — (b n ,v n ),T,v), be a germinating sequence with energy 
bounded by C > 0. Then there exists a finite rooted tree T , a bubbling-off tree of 
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finite energy spheres {u q : q is a vertex of T} modeled on T and a subsequence v nj 
such that the following holds. 

(1) If q is the root then u q — v. 

(2) If q is not the root then we find sequences {zj} C C, {8j} C K and {cj} C K 



such that Zj is bounded, 5j — > + and 

Uj(z) := (b nj (Zj + Sjz) + c 3 ,v nj (zj + Sjz)) -> u q in C™ c as j -> oo. 

Wc take the opportunity to prove a useful lemma. Consider a vertex qo of T and 
the associated finite energy sphere 

u qo : C \ T -> R x S 3 

in the bubbling-off tree. Here To C C is the finite set of negative punctures of u qo 
and each element of T corresponds to an edge going out of q . Suppose that u qo 
is asymptotic to the periodic Reeb orbit P + at its positive puncture oo and that 
Hcz(P + ) < 1- If Tq = then u qo is a finite-energy plane satisfying wind^ (m<j ) < 0, 
a contradiction. If not we can use Lemma 3.3 to find a negative puncture z G Tq 
of u qo and a closed Reeb orbit P\ such that u qa is asymptotic to P\ at z and 
^Cz(Pi) < 1- The edge of T corresponding to z goes from q to one of its children 
q\. The curve m 9i is asymptotic to P\ at its (unique) positive puncture. If q± is 
not a leaf we can use Lemma 3.3 to find a negative puncture z' of u qi and a closed 
Reeb orbit P2 such that u qi is asymptotic to P2 at z' and y^cziP-i) < 1. The edge 
corresponding to z' goes from to one if its children 52- As before, the curve u q2 
is asymptotic to P2 at its (unique) positive puncture. Continuing this process we 
find a finite path 

in the tree T such that 

• qi is a parent of (fr+i, is a leaf, 

• if i G {I , . . . , N} then u g< is asymptotic at its positive puncture to a closed 
Reeb orbit Pj satisfying ^cz(Pi) < L 

Note that m 9jv is a finite energy plane since q^ is a leaf. Its asymptotic limit (at 
its unique positive puncture) is the orbit Pjy satisfying hcz(Pn) < L This implies 
wind 7r (uq N .) < 0. This contradiction proves 

Lemma 3.9. Let (P„, T, {;) &e a germinating sequence with energy bounded by 
C > 0. Consider the finite rooted tree T , the bubbling-off tree of finite energy 
spheres {u q : q is a vertex of T} modeled on T and the subsequence v rij given by 
applying Theorem 3.8 If q is any vertex of T and u q is asymptotic to the closed 
orbit P at its unique positive puncture then /J,cz{P) > 2. 

3.3. Compactness. We are ready to state and prove the main result of this section. 

Proposition 3.10. Let (i?„,w„ = (b n ,v n ),T,v — (b,v)) be a germinating sequence 
with energy bounded by C > such that V 7^ 0. Suppose further that at least one 
of the following holds. 

(i) J c y r v*dX > and windoo(v,oo) < 1. 

(ii) The curve v is asymptotic at 00 to some P^ G V satisfying /J-cz(Poo) < 2. 
Then there exist Pq = (xq,Tq) G V and a finite energy plane uq — (ao,Uo) : C — > 
ExS 3 satisfying: 

(1) uq : C — > S 3 is an immersion transversal to the Reeb vector. 
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(2) ficz(Po) = 2 and uq is asymptotic to Pq at the puncture oo. 

(3) If some P — (x,T) E V satisfies v n (B Rn (0)) n x(R) = Vn then u (C) n 
x(R) = 0. //, in addition, P is simply covered and satisfies ncz(P) > 3 
then u (C)flj;(l) = 0. 

The rest of this subsection is dedicated to the proof of the above statement. 



Let v n be a sequence as in Proposition 3.10 We find a finite rooted tree T, a 
bubbling-off tree of finite energy spheres 

{u q : q is a vertex of T} 



modeled on T and a subsequence v nj such that the conclusions of Theorem 3.8 
true. 



arc 



3.3.1. Estimating the Conley-Zehnder Indices. By 1. of Theorem |3.8| we know that 
if q is the root of T then v — Uq. Let L C C the set of negative punctures of Uq. 



The curve Uq is asymptotic to a periodic orbit P z at each z G L. Lemma 3.9 implies 



(i>Cz{Pz) > 2 Vz e T. An application of Lemma 3.4 shows that ncz(Pz) = 2 Vz e P. 
The orbits {P z : z E P} are precisely the asymptotic limits at the positive punctures 
of the curves in the second level of the bubbling-off tree. We succeeded in showing 
that if q is vertex in the second level of T and u q is asymptotic to P at its (unique) 
positive puncture then ^cz(P) — 2. We can repeat the above argument inductively 



on each level of the tree, using lemmas 3.9 and 3.4 at each step, to prove 



Lemma 3.11. If a vertex q is not the root and u q is asymptotic to the closed orbit 
P at its (unique) positive puncture then ficz{P) = 2. 

As a consequence of the above lemma we conclude that each edge of T corre- 
sponds to a closed Reeb orbit with Conley-Zehnder index equal to 2. 



3.3.2. Conclusion of the Proof. Since T is assumed to be non-empty the tree T 

to the sequence v n — (b n , v n ) has a leaf q distinct 
we know that 



obtained by applying Theorem 



of the root q. We set uq :- 
(38) 



3. 

By Lemma 



3.11 



u Q = (o , m ):C4RxS j 
is a finite energy plane asymptotic (at oo) to a closed Reeb orbit Pq satisfying 

ficz(Po) = 2. 

We now show that uq is an immersion transversal to the Reeb vector. Let u neg 



be the largest negative eigenvalue of the asymptotic operator Ap . In view of (15) 
we have ficz(Po) = 2 => wind(v ne9 , ap a ) = 1. Corollary 3.2 gives wind oo (M ) = 
windoo(Mo, oo) < 1. Theorem |2. 11 shows that wind 00 ('Uo) = 1 and wind^(-So) = 0. 
As a consequence of the definition of wind T we conclude that 

(39) RR Uo{z) © du (z)(T z C) = T Uo(z) 5 3 Vz e C, 

proving u is an immersion transversal to the Reeb vector. 

Let P = (x,T) e V satisfy v n {B Rn (0))nx(R) = Vn. Consider the finite energy 
immersion 



F:C\{0} 



x S 3 , 



TargC 
2tt 



and define 



A = {( Z ,()eCx(C\{0}):S„( Z ) = F(C)}. 
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Suppose (z*,£*) 6 A is not an isolated point of A. Since both uo and F are 
immersions, it follows from Carleman Similarity Principle that we can find open 
neighborhoods O and O' of z* and £* , respectively, and a holomorphic diffeomor- 
phism f : O —> O' such that F o / = u on O. This is an immediate consequence 
of Lemma 2.4.3 of [20]. We get a contradiction to (39) and prove that A consists 
only of isolated points if it is non-empty. 



Arguing indirectly, suppose A ^ and choose (z*,(*) G A. By Theorem 3.8 
we find a bounded sequence {zj} C C and real numbers Sj — » + and Cj with the 
following properties. If 

Uj(z) := {b nj (zj +5jz) +Cj,v nj (zj + S 3 z)) 

then Uj — > uq in Cf£ c as j — > oo. In view of (39) the maps {to and F intersect 
transversally at the pair (z*,£*). By positivity and stability of intersections of 
pseudo-holomorphic immersions we find Zj — > z* such that Uj(zj) € F(C \ {0}). 
Thus the image of the maps v n . intersect x(K) if j is large enough, contradicting 
our hypotheses. We showed A — and ito(C) n x(R) = 0. 

If, in addition, P = (x, T) is simply covered and ij.cz (P) > 3 then it follows easily 
from fJ-cz(Po) — 2 and from the description of the Conley-Zehnder index in sub- 
section [2]2] that P and Po are geometrically distinct. The proof of Proposition [3T0] 
is now complete. 

4. Compactness of Fast Planes 

We again assume in this section that A is non-degenerate, and choose J € 
J(£, dX). Fix P = 0, T) G V and iJ C M x S* 3 . Define 

(40) 6(i7, P, A, J) c C°°(C, K x S* 3 ) 

by requiring that u G Q(H, P, X, J) if, and only if, u = (a, it) is a J- holomorphic 
fast finite-energy plane asymptotic to P and satisfying 

(41) m(0) G H and J c ^ B u*dX = cr(T). 



The constant er(O) > is defined in (|8| for any C > 0. Here J is the almost 
complex structure on K x S 13 induced by J via (17). Define 

(42) A{H, P, A, J) = {ue Q(H, P, A, J) : u is an embedding.} 

In the following statement and in the rest of this section we abbreviate 

Q(H, P, A, J) = 8(£r, P) and A(H, P, X, J) = A(H, P). 

By the definition of fast planes, these sets are empty if P is not simply covered. 

Theorem 4.1. Suppose the orbit P = (x,T) is linked to every P* G V satisfying 
HCz{P*) — 2. Suppose also fJ.cz (P) ^3, ffflflx x(R)) = and H is compact. 
Then A(H, P) is compact in C°°(C,R x S 3 ). 

This subsection is devoted to the proof of the above theorem. We shall make use 
of the following result from (17j . concerning the perturbation theory of fast planes. 

Theorem 4.2. Let X be any contact form on a closed 3-manifold M and denote £ = 
ker A. Let J be any dX-compatible complex structure J : £ — > £. Suppose u — (a, u) 
is an embedded fast finite-energy J -holomorphic plane asymptotic to a periodic Reeb 
orbit P — (x,T) at the puncture oo. If fi = fi(u) > 3 then u(C) (1 x(M) = and 
u : C — > M \ x(M) is a smooth proper embedding. Moreover, for any I > 1 there 
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exists an open ball B r (0) C R 2 and a C l embedding f : C X B r (0) -> R X M 
satisfying the following properties: 

(1) f(z,0)=u(z). 

(2) // |t| < r then f(-,r) is an embedded fast finite- energy plane in R X M 
asymptotic to P satisfying /i(/(-,r)) = fi. 

(3) Fix tq G B r (0) and let {u n } be a sequence of embedded fast finite-energy 
planes asymptotic to P satisfying u n — > f(-,r ) in Cf£ c and n(u n ) = n Vn. 
Then there exist sequences r„ —¥ tq, A n — > 1 and B n — > such that 

f{A n z + B n .r n ) = u n (z) VzeC 

if n is large enough. 

Remark 4.3. We point out that results of C. Wendl in [21] could be used as 
an alternative starting point for proving Theorem |4.1| However, introducing the 
necessary notation in order to discuss and apply results from |21j would make our 
presentation not self-contained. 

The index above is just the Conley-Zehnder index of P computed with re- 
spect to the capping disk given by u. Note that we do not make any non-degeneracy 
assumptions on A. We take the opportunity to state a useful lemma without prooj^j 

Lemma 4.4. Let f = (h,g) : C x B r (0) — >• R x M be the map obtained by The- 
orem If K C B r (0) is compact and U is an open neighborhood of x(R) in M 



then there exists R > such that g(z, r) € U for every (z, r) € (C \ -Br(O)) x K . 

Fix a sequence 
(43) {u n = (a n ,u n )} € A(H,P) 

and define 

r = {zeC: 3nj — > oo and {zj} C C such that Zj — > z and \du n . (zj)\ — > +oo}. 



Again we consider norms taken with respect to the metric g (22). Clearly E(u) = T 



whenever u G Q{H, P). In view of (41 1 and of Lemma 3.5 we may assume, up to 
selection of a subsequence, that 

#r < oo and T C D. 

Define v n — (b n , v n ) : C — >• R x S 3 by 

(44) b n (z) = a n (z) - a„(2), v n (z) = u n {z). 

Since go is M-invariant we know \dv n \ is uniformly bounded on compact subsets of 
C \ r. Standard elliptic boot-strapping arguments show there exists a subsequence, 



^The proof of Lemma 4.4 follows from the Banach space set-up denned in |10| where the Fredholm 
theory for embedded finite-energy surfaces is developed. However note that A is possibly degener- 
ate, so it is important that we only deal with planes with non-degenerate asymptotics, see |17| for 
details. More precisely, if u is an embedded fast finite energy plane then we can choose a bundle 
Nu C ft*T(R X M) complementary to Tu which coincides with u*^ near oo. There is a suitable 
Banach space of sections of with a fixed exponential decay at oo, and the graph of a section 
models an embedded surface near u(C). Such a nearby surface has a J-invariant tangent space if, 
and only if, the corresponding section belongs to the zero set of a suitable Fredholm map. The 
lemma follows immediately from the exponential decay mentioned before. 
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still denoted v n , and a non-constant finite-energy J-holomorphic map v : C \ T 
R x S 3 such that 

5(2) g {0} x S 3 
(45) i„^5inC(C\r,ExS 3 ) 

E(v) < sup E(u n ) = T. 

n 

The inequality E(v) > is easily verified. Since 

v^dX = / u* n dX = <j(T) Vn 



if we set R n — +oo one sees that (v n ,ii„,r, v) is a germinating sequence with 
energy bounded by T. 

Lemma |3. 7| shows that T consists of negative punctures of v and oo is its unique 
positive puncture. Using Theorem |2.16| as in subsection |3.2| one proves v is asymp- 
totic to P at oo. 

Lemma 4.5. J v*dX > 0, T = and wind^v) = 1. 

Proof. Let us assume, by contradiction, that n-dv = 0. Consider the trivial cylinder 
F:C\{0}^RxS 3 defined by 

z = e 2 < s+it ^ i — ^ = (Ts,x{Tt)). 



By Theorem 2.13 there exists a non-constant polynomial p : C — > C such that 
v = F op. This proves r 7^ and u(C \r)clx s(M). The degree of p must be 1 
since P is simply covered. If the zero of p lies in D we obtain 



T= [ v*X= lim / v* l dX = T - cr(T), 

J9D JO 



which is impossible and proves that T c 90. Consequently, up to selection of a 
subsequence, u n (0) converges to a point in H n (K x x(R)). This is absurd and 
shows that J c ^ D w*rfA > 0. 

Fix a global non-vanishing section 

Z : S 3 = kerA. 

It follows from our assumptions and from Theorem |2.9| that 3R 3> I such that 
7r • rfu(z) 7^ when |z| > i?o- Then 7r • dv n {z) 7^ when |z| = Rq and n is large 
enough. Moreover, 

I := window, 00) = wind(< i-> tt • d r v{R n e l2lTt ) , i i-> Z(v(R e i2nt ))). 

Define 

i n := wind(t i-> tt • d r v n (R e l27Vt ),t ^ Z(w n (i? e' i27rt ))) 

when n is large. Choose p„ — > +00 so that n ■ dv n {z) does not vanish if \z\ = p n 
and 

wind(i n- tt ■ d r v n (p n e l2wt ),t t-> Z(v n (p n e l27rt ))) = wind 00 (i;„) = wind 00 (u„) = 1. 

Since each tt ■ dv n satisfies an equation of Cauchy-Riemann type, it has only isolated 
zeros that count positively in the algebraic intersection count with the zero section 
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of A 0,1 T*C <S)j Vn£- We can estimate by standard degree theory: 
< #{zeros of tt • dv n on B Pn (0) \ B Ro {0)} 
= wind(i ^ 7r • d r v n (p n e iM ),t ^ Z(«„(p„e l2 " t ))) 
- wind(t h> tt ■ d r v n (R e l2nt ),t^ Z(v n (R e i27:t ))) 
= l-/„. 

Since Z„ — > ^ this proves 

1 — wind 00 (u, oo ) > 0. 



Theorem [42] implies v n {C)nx(R) = u n (C)r\x(R) = Vn. Let us assume r ^ and 
argue indirectly. Applying Proposition [XlO] to the sequence v n we obtain a periodic 
Reeb orbit Pq not linked to P and satisfying /icz(Po) = 2. This is a contradiction 



to the hypotheses of Theorem 4.1 Consequently we must have T = 0, that is, w is 
a finite-energy plane satisfying 

< wind 7r (w) = wind 00 ( - 5) — 1 < 0. 

□ 



By Lemma 4.5 we have T = 0, wind 00 (w) = 1 and 



lim a n (2) =: c 

n— f+oo 

exists. Thus u„ -> u in C°°(C,M x 5 3 ) where 

= + c, v(z)). 

Clearly 

/ u*dA= lim / u* n d\ = T - a{T). 
Jv, Jd 

and wind 00 ({t) = windoo(w) = 1. In particular, u is an immersion. 

It remains to show that u is an embedding. Let A C C x C be the diagonal and 

consider 

D := {{zi,z 2 ) e C x C \ A : u( Zl ) = u{z 2 )}. 
If D has a limit point in C x C \ A then we find, using Carleman's Similarity 
Principle as in [9. , a polynomial p : C — s- C of degree at least 2 and a J-holomorphic 
map / : C — > K x S" 3 such that u = f o p. This forces zeros of du. But this is 
impossible since u is an immersion, proving that D consists only of isolated points 
in C x C \ A. If D ^ then, using positivity and stability of self-intersections 
of pseudo-holomorphic immersions, we obtain self-intersections of the maps u n . 
However we know that each u n is an embedding by the definition of A(H, P). This 
shows D = and that u is an embedding. 

5. Construction of the global sections 

In this section we again assume A is non-degenerate and prove the sufficiency 
statement made in Theorem|1.3| More precisely, we prove the following proposition. 



Proposition 5.1. Let P = (x,T) be a simply covered and unknotted closed Reeb 
orbit of a non-degenerate tight contact form X on S 3 such that sl(P) = — 1 and 
p>Cz(P) ^ 3. Assume further that P is linked to every orbit P G V satisfying 
p,Cz(P) = 2. Then there exists an open book decomposition with disk-like pages of 
S 3 adapted to the Reeb dynamics, with binding x(M). 
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5.1. A special spanning disk for P. Let F S 3 be an oriented embedded 
surface. The contact structure ^ induces a singular distribution 

(46) (£ n TF) 1 - 

called the characteristic distribution of F. Here _L means the dA-symplectic orthog- 
onal. It is parametrized by a vector field V given by 

JVA = 

I i v dX = dH - {i R dH)\ 



(47) 



where H is any function defined around F having as a regular value and such 
that F C ff _1 (0). In other words, MV P = £| p n T P F if V p ^ and f | p = T p F if 
I,, (I. 

At a non-degenerate zero p of V the linearization Z?V"| P is an isomorphism of 
£\p = T P F. If a and & are the eigenvalues of DV P then ab ^ 0. The point p is called 
elliptic if ab > or hyperbolic if ab < 0. If p is elliptic and a and b are real numbers 
then, following 0, we call p nicely elliptic. 

Denote by o the orientation of F so that the induced orientation on the boundary 
satisfies \\rdF > 0. We also have a fiberwise orientation d of £\p induced by dX. 
A non-degenerate zero p of V is positive if o coincides with d at p, and negative 
otherwise. 

Now we specialize to the case that F is an embedded disk and dF is a transverse 
knot. The following important theorems are proved in |llj and [7J. 

Theorem 5.2 (Hofer, Wysocki and Zehnder). Let A be a tight contact form on 
S 3 and £ = ker A be the associated contact structure. Let L be a transverse unknot 
satisfying sl{L) = — 1 and let Fq be an embedded disk spanning L. Then there exists 
an embedded disk F spanning L such that the singular characteristic distribution 
£ n TF has precisely one positive nicely elliptic singular point e. The new disk F 
can be taken arbitrarily C° -close to F , and arbitrarily C°° -close to F near the 
boundary L. 

Definition 5.3. Let A be a contact form on the 3-manifold M. A Darboux chart for 
A centered at a point p € M is a pair (V, where V is an open neighborhood of p in 
M and ^ : V — > R 3 is an embedding satisfying \&(p) = (0, 0, 0) and A — dz + xdy 
(here x, y, z are Euclidean coordinates on M 3 ). 



Theorem 5.4 (Hofer). Let A and L be as in Theorem 5.2, and suppose F is 
an embedded disk spanning L so that its characteristic foliation has precisely one 
singular point e which is positive and elliptic. Fix an arbitrary neighborhood U of 
e in S 3 and let (V, ^) be a Darboux chart centered at e. There exists an embedded 
disk F' spanning P with the following properties. 

(1) F , \U = F\Uandee F' . 

(2) The point e is the only singularity of the characteristic foliation of F' , and 
is a nicely elliptic singularity. 

(3) There exists an open set G C V C\IA such that ^(F' n G) C {z = — \xy} 
and e G G. 

The following proposition is proved in [17] . 

Proposition 5.5. Let X be a contact form on a 3-manifold M with Reeb vector 
field R, and P — (x, T) be a simply covered unknotted non- degenerate periodic 
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Reeb orbit. Let also D be an embedded disk with dD = x(M) and fix an arbitrary 
neighborhood 11 of x(M) in M. Then there exists an embedded disk D' spanning P 
with the following properties. 

(1) D'\U = D\U. 

(2) There exists an open neighborhood O C D' of dD' — P such that O C U 
and R p £ T p D' for every P eO\dD'. 

Using the above results we prove 

Proposition 5.6. Let X be a tight contact form on S 3 with associated contact 
structure £ = ker A and Reeb vector field R. Let P = (x,T) be a non- degenerate 
unknotted simply covered periodic Reeb orbit satisfying sl(P) = — 1. Then there 
exists an embedded disk T>\ spanning P with the following properties: 

(1) The singular characteristic distribution £ f~l TT>\ has precisely one positive 
nicely elliptic singular point e. 

(2) There exists a neighborhood O C T>\ of dT>\ such that R p ^ T p T>i for every 

(3) There exists a Darboux chart (V,^) for A centered at e such that ^(V n 
V x )d{z = -\xy}. 

(4) If y is a periodic Reeb trajectory and y(M) C T>\ then y(R) = 

Proof. Let D be an embedded disk spanning P. Applying Proposition |5.5| to D we 
can assume there exists a neighborhood O C D of dD = P such that R p £ T p D 
for every p € O \ dD. Let L C O be a transverse (un-)knot C°°-close to P with 
L n P = and sl(L) = -1. Let F Q C D be the disk satisfying dF = L. We can 
obviously assume that the embedded strip S :— D \ Fo is never tangent to £. 

Applying Theorem |5.2| we find a smooth embedded disk F spanning L so that 
the characteristic distribution TF D £ has precisely one positive nicely elliptic point 
e. The disk 

D' := SUF 

is piecewise C 1 . Since L = dFo = OF and F is obtained from Fo by a perturbation 
that can be taken arbitrarily C^-small near L, we can patch the strip S and the 
disk F to obtain a smooth disk T> . This new disk differs from D' only on an 
arbitrarily small neighborhood of L. Moreover, e is the only singularity of TT>q n £ 
and it is positive and nicely elliptic. The disk T> satisfies conditions (1) and (2). 



Now we can apply Theorem 5.4 in order to obtain a disk T>\ which also fulfills 
condition (3). 

In order to obtain condition (4) fix a smooth embedding fx : D — > M such that 
A(D) = P x and A(0) = e. For 5 > define A s := B 5 (0) U (D \ Bi_ a (0)). If 8 is 
small enough then (1) and (2) imply 

Consider the set 

X = {/ e C°°(D, M) : f = h on 

Then AT is closed in the complete metric space C°°(D, M) endowed with the C°° 
topology. Hence it is also a complete metric space. For a fixed periodic Reeb 
trajectory y : K — > M we define 

X a :={/£!: y(M) C /(B)}. 
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By the definition of 5 we know that 

y(R) ^ x(R) and / e X y y(R) C /(D \ A s ). 

It is easy to check that Xy is open and dense in X if y(R) 7^ x{R). There are only 
countably many periodic Reeb trajectories, up to translations in time, since A is 
non-degenerate. It follows from Baire's category theorem that 

p| {X c x , : P' = {x 1 , T) e V and x'(R) ^ x(R)} 

is residual in X. Hence, by an arbitrarily small C°°-perturbation supported away 
from dT>i U {e}, we may assume that our disk T>i contains no periodic Reeb tra- 
jectories other than x(R). Since this perturbation can be taken C°°-small, it does 
not create new singular points. □ 



The above proposition applied to the orbit P = (x, T) of Proposition 5.1 gives us 
an embedded disk T)\ spanning x(R) with special properties. Using equations (47) 



we obtain a vector field V on T>i parametrizing (the c£A-symplectic orthogonal of) 
the characteristic distribution ^OTVi. It is, of course, implicit that T>i is oriented 
so that the Reeb vector is positive on &D\ = x(R). Since we may change H by —H 



at will in ( 47 1 there is no loss of generality to assume that V points outward at the 



boundary. Consequently, V has precisely one zero e in the interior of T>\ which is 
a positive nicely elliptic singularity and also a source for the dynamics of V. 



5.2. The Bishop Family 

by applying Proposition 



5.6 



Let T>x be the disk obtained in t he pr evious subsection 
to the orbit P from Proposition 5.1 Following [71 [TT1 



113] we consider the following boundary value problem: 



(48) 



du 



: (a, u) : D 3 
i = J(u) ■ dii 



x S is an embedding 



s = on <9B, u(dB) C Vi \ {e} 

u{&&) winds once positively around e 

Here i denotes the standard complex structure on C. For the last condition to 
be precise we need to orient the (embedded) loop m(9D) and the disk T>\. The 
disk T)\ is oriented so that A|dx>i > 0. The loop u(dV>) is oriented by orienting 9D 
counter-clockwise. 



In the Darboux chart (V, V I / ) given by Proposition 5.6 note that £ = span{i>i, ^2} 



where v 1 = d x and v 2 = d y — xd z . Choose J € J(^,dX) so that Jvi — v 2 on V. 



Then J defined by (17 1 is integrable and the disks u T = (a T ,u T ) given by 



(49) 



a T (s + it) = — (s 



* o u T (s + it) 



rs, rt, 



t 2 -l) 



-st 



form a 1-parameter family of solutions of (48), for r > small. Note that u T — ► 
(0, e) in C°° as r — > + . Fixing a disk u = (a, u) in this family one also notes that 

u*d\ > 0. 



Let M. be the set of solutions u = (a, u) : D — > R x of ( 48 ) that in addition 
satisfy u(dD) n dV\ = 0. It is proved in [7J that the linearization of dj at any 



ON THE EXISTENCE OF DISK-LIKE GLOBAL SECTIONS 



29 



0-- 




Figure 3. The characteristic foliation and a Bishop disk. 



u € Ai is surjective and its Fredholm index equals 4. There is a 3-dimensional 
reparametrization group G of biholomorphisms of D. One can show that G acts 
smoothly, properly and freely on Ai. This fact together with an application of 
the implicit function theorem turns Ai into a smooth principal G-bundle with a 
1-dimensional base space Ai/G without boundary. As explained in [7] one can 
use results of D. McDuff from [18] to show that if u n £ Ai satisfies u n — > u in 
C|™(D,1 x S 3 ) and if u is non-constant then u solves (48 1. 

There is another very non-trivial fact proved in [7]: if u £ Ai then every non- 
vertical vector field in T^Ai, seen as a section of u*T(R x S 3 ), is never tangent to 
the embedded disk u(D). We refer the reader to the proof of Theorem 17 from [7]. 
There are important consequences. Let II : Ai —> Ai /G denote the projection. Fix 
uq G Ai and let t Q — il({2 ). If s is a section defined around t satisfying s(t ) = u Q 
then there exists a neighborhood U of to in Ai/G such that the map 

$:C/xD->Mx5 3 

(50) (t,z)^s(t)(z) 

is a smooth embedding onto its image. 

Next one needs to parametrize the 1-dimensional base space Ai/G. Each leaf 
I of the characteristic foliation is a trajectory of the vector V. Since there are no 
other singularities other than e, the a-limit of I is the source e and I hits dT)\ 
transversally in forward and finite time. We used that dT)\ is a Reeb trajectory 
and V points outward at &D\. Moreover, / has finite length since e is nicely elliptic. 
The strong maximum principle implies that if u G Ai then u(cffi>) intersects the 
leaves transversally. Since u(dV>) winds around e once in T>\ then it hits every leaf 
exactly once. 

Following [7] we choose a leaf l\ and denote by f its length. Consider the G- 
invariant function r : Ai — > M + given by 



(51) t(u = (a,u)) = length of the piece of l\ connecting u(dD) to e. 

It defines a smooth function on Ai/G since each u(dV>) intersects l\ once and 
transversally when u G Ai. The existence of local embeddings as in (50) shows 
that t : Ai /G — > R + is a local diffeomorphism. 

Remark 5.7. Actually one can show that r induces a diffeomorphism between a 
component of Ai/G and an open interval, but we can avoid making use of this fact. 
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(52) 



Consider a finite non-empty set T C D and the mixed boundary value problem 
i = (a ) ii):D\r4lxS 3 
dj(u) — and u is an embedding 
a = on dO, u(dD) C V x \ {e} 
u(dV>) winds once positively around e 



/ u*d\ > and E(u) < oo 
Jo\r 



^ Every z £ T is a negative puncture. 
Note that we do not fix the complex structure on D. 

Proposition 5.8. There exists a residual set J gen C J^{£,, d\) such that the follow- 
ing holds. Fix J £ iJ(^,dX), let u be a solution of \5%fy and suppose u is asymptotic 
to a closed Reeb orbit P z at each negative puncture z £ T. If ncz(Pz) > 2 Vz £ T 
and there exists at least one zq £ T satisfying /J.cz(Pz a ) > 3 then J £ J gen . 

Proof. For the moment we fix k > 1, T C B> with =ffT = k, and the asymptotic limits 



{P 2 } 2S r- At any solution u of (52 1 we can consider the so-called normal Cauchy- 
Riemann operator L. It is the linearization at zero of a non-linear Fredholm map 
defined on a space of sections of the normal bundle of S = u(D \ T) with the 
appropriate Sobolev regularity and exponential decay at the punctures. The zero- 
locus of this map consists of sections representing nearby finite-energy surfaces 
with the same asymptotic data and boundary condition. When L is surjective the 
moduli space of such surfaces is locally a finite-dimensional manifold and ker L is 
the tangent space at S. This analysis is done in [10] . where the Fredholm index is 
computed to be 

IndL = #r-]T M cz(P,) + l. 
zer 

A delicate argument, also from [10] . shows that one can achieve transversality 
for this problem on a residual subset J gen {k, {P z }zer) C J(t;,dX), that is, if J £ 



>Jgen(k, {P z }zer) and v, solves (52) then L is surjective. If the {P z } are as in the 
statement we can estimate 

< Ind L = #r - Vcz(Pz) + 1 
zer 

= #r - Vcz(Pz ) - J2 ^cz(Pz) + 1 

z^z 

< #r - 3 - 2(#r - 1) + i = -#r - 3 + 2 + 1 = -#r. 

This contradiction shows that there are no solutions when J £ J gen ik, {P z } z er)- 
The actual location of T is immaterial since we can move it using a diffcomorphism 
of D, only the number k and the asymptotic and boundary data are relevant. 
Now, there exists a constant C > depending only on 2?! and on the non- 



degenerate contact form A so that any solution of (52), for any choice of T, satisfies 
E(u) < C. It follows that if such u is asymptotic to P — (x,T) at some z £ V 
then T < C . It also follows that k < C/e, where e > satisfies e < T' for every 
P 1 = (x 1 ,T') £ V . So there is an upper bound on k, depending only on T>\ and 
A, and only finitely many possibilities for the orbits P z (z £ T). This means that 
we only have to consider a finite number of Fredholm problems as above. Since a 
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finite intersection of residual subsets in a complete metric space is still residual, we 
find J gen as claimed in the statement of the proposition. □ 

We need also the following very delicate result from [TT] . 

Theorem 5.9 (Hofer, Wysocki and Zehnder). The set of solutions u = (a,u) of 



oo 
oc ' 



|pp satisfying u(D) n(Ix x(R)) = is closed in C\ 
Consider uq = (ao,u ) G M close to (0, e) satisfying 

(53) u (B>) n(lx x(R)) = and / u* Q d\ > 0. 

Jb 

We now perturb J to some J' G J gen where the set Jn en is given by Proposition 



5.8 



By automatic transversality of solutions of (48) proved in [7] the solution uq is 
perturbed to a J'-holomorphic solution u' . We now relabel J' and u by J and uq. 
This shows that we could have assumed J G J qm from the start. 



Theorem 5.9 shows that u(D) n(tx x(R)) = whenever TL(u) belongs to the 



component y of M/G containing H(u Q ). Define 

t* := sup t(u). 

Clearly r* < f. 

Fix two other leaves U and Z_i of the characteristic foliation of 2?i distinct to 
lx, in such a way that {h,h,l-i} is ordered according to the Reeb field along the 
boundary. A key ingredient in our arguments is the following statement found 

i» [TO- ' 

Theorem 5.10 (Hofer, Wysocki and Zehnder). There exists < p < 1 such that 
for every sequence u n G M satisfying u n (w) € l w for w G {1, i, — 1} iue Ziaue 

sup sup |dM„(z)| < oo. 

n P<|2|<1 

We need to analyze the end of the component y in the moduli space A4 . 

Proposition 5.11. The equality t* — f holds. Moreover, if we take t„ — > f ~ anc? 
choose disks u n = (a n ,U n ) € PE" 1 (3^) satisfying r({t n ) = r n and t/ie normalization 
conditions u n (l) € Zi, it„(«) € and u n (— 1) G i_i t/ien £/ie following assertions 
are true. There exists a subsequence ofu n , still denoted u n , such that 

To = {z G D : 3nj — > oo and Zj — > z such that \du nj (zj) \ — > oo} 

consists of a single point in D. After reparametrizing we can assume that T = {0} 
and, moreover, 

u n F P in C^ C (D\ {0},M x S 3 ). 
Here Fp denotes the map z = e 27r ( s + lt ) i-> (Ts,x(Tt)) onD\ {0}. 

We now turn to the proof of this proposition. One easily checks that 

sup E(u) —: C < oo. 
ueM 

Fix t„ — > r* and choose disks u„ = (a„,u„) G II -1 satisfying r(u n ) = r n and 
the normalization conditions u n (w) G for w G {l,z, — 1}. Define r C D to be 
the set of points z' for which 3{zj} C D and rij — > oo such that \du nj (zj)\ — > oo 



and Zj — > z'. Then T C D by Theorem 5.10 and, up to selection of a subsequence, 



32 



UMBERTO HRYNIEWICZ AND PEDRO A. S. SALOMAO 



#ro < oo by Lemma |3.5| Elliptic boot strapping arguments give us a smooth 
J-holomorphic map 

u = {a ,u ) :D\r ->lx5 3 
and further subsequence, still denoted u n , such that u n — »• uq in C^ C (D \ Tq). 
Arguing like in Lemma 3/7 we conclude that r consists of negative punctures of 

Lemma 5.12. T ^ 0. 

Proof. Suppose r = 0. As remarked before, results of D. McDuff imply that Uq 



solves (|48j). Theorem |5.9| gives u (dl$) n x(R) = 0. Thus u e M and, clearly, 
t(uq) = t* . We take a local section s of M. defined on a neighborhood Uq of 
Il(tto) in M/G and define $ : Uq x D -> R x S 3 by $o(*,*) = s (*)(*). As 
explained before, $o is a smooth embedding into R x S* 3 . Thus we can find elements 
m G satisfying r(u) > r*, a contradiction. □ 

Lemma 5.13. uq is an embedding, ao = on dU> and i«o(90) C 1>i \ {e} winds 
once and positively around e. 

Proof. It is only non-trivial to show that uq is an embedding. Note that a strong 
maximum principle still holds for ao and, consequently, uq is an embedding near <9B. 
The conclusion follows from results of D. McDuff on positivity of self- intersections 
of pseudo-holomorphic maps, since self-intersections or critical points of uq would 
imply self-intersections of the nearby u n (a critical point is also seen as some kind 
of self-intersection in this theory). □ 

Fix any zq g Tq and let Pq = (xo,Tq) be the unique Reeb orbit such that Uq is 
asymptotic to Pq at zq. The mass 

m(z Q ) = lim e ^ 0+ m e (z ), m e (z ) = lim^oo j Bf {zo) u* n d\ 

is defined exactly as in subsection 3.2 Fix e > such that m e (zo)— m{zQ) < a(C)/2. 
Choose z n defined by a n (z n ) = inf a n (B e (zo)). As before, it follows that z n — > zq. 
Defining S n by 



u* n d\ = a(C) 

I ' B e (z )\B Sn (z n ) 

then S n — > and we can find R n — > +oo such that B^ ri s n (z n ) C B € {zq). Proceeding 
as in the "soft-rescalling" done in subsection 3.2 define 

«„ = {b n , v n ) : B Rn (0) -> R x S 3 

b n {z) = a n (z n + 5 n z) - a n (z n + 2S n ) and v n (z) = u n (z n + S n z) 

and 

(55) Ti = {z e C : 3nj — > oo and £j — ^ z sucn tna t l^n,-(Cj')l — * +°°}- 

Again, up to the choice of a subsequence, we may assume #Ti < oo and, using 
elliptic boot strapping arguments, we may further assume that there exists a smooth 
J-holomorphic map 

(56) v = (b,v) : C\T 1 R x S 3 

such that v n — > v in C££ C (C \ Ti). It is easy to estimate < E(v) < C. Arguing 
exactly as in subsection |3.2| using Theorem |2.9| and Lemma |3.7| we conclude that 
v has a unique positive puncture at oo and that v is asymptotic to Pq at oo. This 
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shows that i?„, v n , T\ and v satisfy the requirements of Lemma |3.9[ and we obtain 
Hcz(Po) > 2. Since z G T was arbitrary we proved 

Lemma 5.14. If z G r and Uq is asymptotic to P at z then ncz(P) > 2. 

As a consequence we will obtain the following statement. 
Lemma 5.15. it ■ duo = 0. 

Proof. Let us assume / D \ ro UgdA > 0, by contradiction. Since J G Sgeni Propo- 
and the above lemma imply that if z G To and uq is asymptotic to P 
2. 



Then the sequence v n defined in (54) satisfies (ii) from 



sit ion 5 

at z then /icz(P) 

Proposition |3.10[ It also satisfies all other assumptions in the statement of Propo- 

(x*,T*) G V with fi C z{P*) = 2 and an 
satisfying T>*Dx(M) — 0. Here we used that 
is simply covered, satisfies ncz{P) > 3 



3.10 Consequently we obtain P* 



■5.1 



sition 

immersed disk T>* with boundary x* (M 
the orbit P = (x, T) from Proposition 
and 

u = (a, u) G M u(D) n x{R) = 0. 

This shows that P* is not linked to P, contradicting the hypotheses of Proposi- 
tion EU □ 



This has important consequences. It follows from Lemma |5 . 1 5| that there exists 
a Reeb trajectory x such that ito(0\ro) C i(R). We know by Lemma 5.13 that uq 
is not constant. Thus x is periodic and = uq(8D) C T)\. By the properties of 
the disk T)\ explained in the statement of Theorem 5.6 we have x(R) — x(M.). As a 
consequence we obtain r* = f . Consider the map F : B \ {0} -)RxS 3 given by 

z = e 27r(s+lt) i— > (fs,x(ft)). 



One can prove in a standard fashion, using Lemma |5.15| and Carleman's Similarity 
Principle, that 3k G Z + and a holomorphic map tp : D — > D satisfying 

• ip(dD) = 9D, 

• To — </3 _1 (0) and uq = F o ip and 

• k is the degree of (p\dv> '■ dD — > dD. 

Recall that T is the minimal positive period of x. Thus Uo(dD) winds k times 
around e in T>\. It follows from Lemma [5. 13| that k = 1 and that <p G G. The proof 
of Proposition 5.11 is now complete. 



5.3. A special fast plane asymptotic to P. By Proposition 5.11 we can find a 
sequence u n = (a n ,u„) G II -1 (y) such that 

(57) u n -> F P in C% C (B \ {0}, R x S 3 ). 



Here Fp : D \ {0} 



S 13 is the map 



27r(s+it) 



i — ^ {Ts,x(Tt)). Thus is a 



bubbling-off point of It has a mass m(0) = T. We fix, as before, e > such 

that m e (0) — m(0) < a(C)/2, and choose 2„ G D satisfying a„(z„) = infna„. We 
also fix S n > such that u*dA integrates to a(C) over i? e (0) \ Bs n (0). Then z„ — > 
and <5„ — > 0. Now choose i?„ — > oo so that <5„i?„ — > and define v n — (b n ,v n ) 



and Ti as in (54) and (55), respectively. Up to selection of a subsequence we can 



assume #Ti < oo and the existence of a non-constant finite-energy J-holomorphic 
map v = (b,v) as in (27) such that v n — > v in C££ C (C \ Ti). Clearly v has a 



unique p ositiv e puncture at o o an d negative punctures at the points of IV Using 
Theorem 2.16 as in subsection 3.2 one proves that v is asymptotic to P at oo. It is 
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not hard to show that e Ti if Ti =^ 0, this is so because 6„(0) = inf b n (Bn n (0)) 
and points of Ti are negative punctures. 

Suppose 7r • dv vanishes identically. Then, by Theorem |2.13| there exists a poly- 
nomial p : C — > C such that Ti = p _1 (0) and v — Fp o p. The polynomial p must 
have degree 1 since P is simply covered. Thus 3A ^ such that p(z) = Az. Here 
we used that is a (the only) root of p. We can now estimate 

T = I v* X = lim / vtdX 



= lim / it* dX = lim / u* n dX — I u* n dX 

jB Sn (p) n ~^°° /s e (0) JB c (0)\B Sn (0) 

= m e (0) - <t(C) = m(0) + m e (0) - m(0) - cr(C) 

< f + a{C)/2-a(C) = f-a{C)/2. 
This contradiction proves 
Lemma 5.16. / c \ ri v*dX > 0. 

From now on we fix a global non- vanishing section 
(58) Z : S 3 -> f . 

If / is any map defined on a domain of C we denote 

Wz) = jg \ e=0 f{e l °z) and d r f{z) = f r \ r=l f(rz). 
Lemma 5.17. The sections 7r • du n have no zeros if n is large enough. 



Proof. By Proposition 5.11 3uq ^> 1 such that u n (dD) C O \ 9D\ when n > no- 



Here O is the neighborhood described in Theorem 5.6 If z € dO and it ■ du n (z) = 
then dgu n (z) is a vector on RR(u n (z)) n T Un ^ z yDi. However, the properties 
of O imply that this is the zero vector space if n > n . Thus dgu n (z) = if 
7r • du n {z) — 0, n > no and z £ S . However the strong maximum principle 
asserts that A • dgu n {z) = d r a n (z) > for every n and z £ S . This proves that 
7r • du n (z) 7^ when n > no and z 6 5 1 . 

We assert that ir-deu n (z) and y(u„(z)) are linearly independent vectors in 
if rt > no and |z| = 1. Arguing indirectly, suppose \z\ = 1 and c±, C2 £t are so that 

ci7r • dgu n (z) + c 2 V(u n (z)) = 0. 

If ci = then C2V (u n (z)) = 0, which implies c 2 — 0. Now assume c\ 7^ 0. Then 

= ci7r • dgu n (z) + c 2 V(u n (z)) = 7r • (cidgu n (z) + c 2 V(u n (z))) 

implying c\dgu n {z) + c 2 V(u n (z)) e Mi?(?i„(z)) n T u r z \T>i. It follows from the 
properties of O that 

cid g u n {z) + c 2 V{u n {z)) = =>• d g u n (z) = F(u„(z)) 

Cl 

if n > tiq. This proves A(w„(z)) • d$u n (z) = 0, again contradicting the strong 
maximum principle and proving our assertion. As a consequence we have 

(59) wind(< h> 7T • 9 e u„(e l27rt ), t ^ l/(u„(e l2,rt ))) = 0. 

The algebraic count of zeros of V in T>\ is +1 since its only zero is the positive 
elliptic singularity e. Standard degree theory implies 

(60) wind(i h-> V(x(ft)), 1 1 y Z{x{ft))) = 1. 
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This proves 

(61) wind(t h> V{u n (e l27Tt )),t i-> Z(u n (e l27Tt ))) = 1 

if n is large enough. Now let x + iy be standard complex coordinates in D. Then 
tt ■ d e u n (e iM ) 
= tt • du n {e l2lTt ) ■ (-sm(27rf)<9 x + cos(27rf)<9,,) 

= - sin(27rt)7r • d x u n {e i2,rt ) + cos(27rf) J(u„(e l27rt )) • tt • d x u n (e i2nt ) . 
This implies 

wind(t i — ^ 7r • cW(e l27rt ),i i-> tt • 0« e u»(e ia,r *)) = 1. 
We can now compute for n > rto: 

wind i — y tt • 9 K u„ (e l27Tt ) Zou n (e i27r *)) 

= wind (t H> tt • <9 x it n (e l27rt ) , £ i — y tt • d B u n (e l27rt )) 
+ wind (t i — y tt • d e u n (e l27It ) , t H- 7 o u n (e i27rt )) 
+ wind (th^Fo« n (e l27rt ) ,t^2o«„ (e i2w *) ) 
= -1 + + 1 = 0. 

This shows the algebraic count of zeros of tt ■ d x u n is zero. Thus tt ■ d x u n does not 
vanish in D if n > hq because there are only positive isolated zeros. □ 

Lemma 5.18. wmd 00 (-D, oo) = 1. 

Proof. After applying a rotation we can assume t i-> v(Re l2 '* t ) converges to t h-> 



x(Tt) in C°° as i? — >• oo. By Lemma 5.16 and Theorem 2.9 there exists Rq 1 



such that 7r • e?t>(z) 7^ if |z| > Rq. We compute for R > i?o 
wind(i ^ tt ■ d r v(Re l2yrt ),t^ Z(v{Re l27Tt ))) 
= lim wind(<^7r-a r i;„(i?e l27rt ),t^Z(«„(i?e i27rt ))) 

n— »oo 

d 



lim wind \ 1 1— > 7r ■ 

ra-yoo I dp 



[w„(z„ + P RS n e t2 ^)] ,th> Z(u„(z n + i« n e l2 ^)) 
p=i , 



By the previous lemma we know that tt ■ du n has no zeros on D. We proceed using 
standard degree theory: 

= lim windO 1 — ^ tt ■ d r u n (e l27Tt ),t^ Z {u n {e i2lrt ))) 

n-^-oo 

= lim wind(t i-> tt ■ d r u n (e l27rt ),t^ tt ■ d x u n {e l2 ^)) 
+ lim wind(t i-> tt ■ d x u n (e i2Trt ),t H- Z (u n (e l2wt ))) 

n—too 

= 1 + = 1. 

Here x + iy are standard complex coordinates in D. The proof is complete in view 
of the definition of windoo, since R can be taken arbitrarily large. □ 

The map v is the Cf£ c (C \ T^l x 5' 3 )-limit of the sequence v n satisfying all 



the requirements of Proposition 3.10 Assume T% + 1 0. In view of lemmas 5.16 



and |5.18| we can apply Proposition 3. 10| and obtain a periodic orbit Pq satisfying 
Hcz(Pq) = 2 not linked to P. This contradiction shows that ri = 0, that is, v 
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is a finite-energy plane asymptotic to P. Furthermore, it is a fast plane since by 



Lemma 5.18 we know wind 00 ( - D) = wind QO (5, oo) = 1. The identity 

wind 7r ({;) = window) — 1 = 

shows that v : C — > S 3 is an immersion transversal to the Reeb vector. In particular 
v is an immersion. 

We assert that v is an embedding and argue exactly as in section|4] Let A C CxC 
be the diagonal and consider 

D := {(«!, z 2 ) e C x C \ A : v(zi) = v{z 2 )}. 

If D has a limit point in C x C\ A then we find, using Carleman's Similarity Principle 
as in 9 , a polynomial p : C — > C of degree at least 2 and a J-holomorphic map 
/ : C -> R x S 3 such that v = fop. This forces zeros of dv, a contradiction. This 
proves that D consists only of isolated points in C x C \ A. If D ^ then, using 
positivity and stability of self-intersections of pseudo-holomorphic immersions, we 
obtain self-intersections of the maps v n . However we know that each v n is an 
embedding since so are the u n . This shows D = and that v is an embedding. We 
proved 



Proposition 5.19. Assume P satisfies all the assumptions listed in Proposition 5.1 
Then there exists an embedded fast finite-energy plane asymptotic to P. 

5.4. Open book decompositions. The following is Theorem 2.5 from [T7] . 

Theorem 5.20. Let X be a non- degenerate contact form on the closed 3-manifold 
M and let £ = kerA be the associated contact structure. Assu me ci(£) vanishes. 



Let J be the almost complex structure on R x M defined by (11) for some J € 
^7(£, c?A). Suppose there exists an embedded fast J-holomorphic finite- energy plane 
iiQ asymptotic to P = (x,T) with /j.(uq) = k > 3. We also suppose that the 
set of planes A(H, P, A, J) is C^ c -compact for every compact subset H C M x M 
satisfying H n (K x x(M)) = 0. Then for every I > 1 there exists a C l map 
u = (a, u) : S 1 x C — > R x M with the following properties. 

(1) u($, •) is an embedded fast finite-energy plane asymptotic to P at the (pos- 
itive) puncture oo satisfying •)) = k, V?9 G S . 

(2) u(d, C) n x(R) = Vi? € S 1 and the map u : S 1 x C -> M \ x(R) is an 
orientation preserving C l -diffeomorphism. 

(3) Each C) is a smooth global surface of section for the Reeb dynamics. 
Moreover, the first return map to each u($, C) preserves an area-form of 
total area equal to T . 

For the definition of A(H, P, A, J) we refer to Section [4] The integer (J,(uq) is 
simply the Conlcy-Zehndcr index of P with respect to the capping disk induced by 
«o(C). We apply the above theorem to the non-degenerate tight contact form A on 
S 3 . Let P = (x, T) be a periodic Reeb orbit as in the statement of Proposition 



5.1 



Proposition 5.19 gives us an embedded fast finite-energy plane asymptotic to P. 
Theorem 4.1 shows that for every compact H C R x S 3 satisfying HC\ (R x x(R)) = 



and 



the set A(H, P) is C% c (C, R x S' 3 )-compact. Then we can apply Theorem |5.20 
obtain the desired open book decomposition by embedded disks which are global 
sections for the Reeb dynamics. This completes the proof of Proposition |5.1| and of 
sufficiency in Theorem|1.3| 
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6. Proof of Necessity in Theorem 11.31 

Let P = (x, T) be a periodic orbit of the Reeb flow associated to the non- 
degenerate tight contact form X on S 3 , where T > is its minimal period. Assume 
P is the binding of an open book decomposition with disk-like pages adapted to A. 
Let F be one of its pages, meaning that F is an embedded disk satisfying dF = P, 
is transversal to the Reeb vector field R at F and all orbits geometrically distinct 
to P intersect F infinitely many times, both forward and backward in time. Since 
F is an embedded disk, P is unknotted. 

Let P' C S 3 be a periodic orbit geometrically distinct to P. Its intersection 
number with F is non-zero, since it must intersect F and all intersections have 
the same sign by the transversality of F with R. This implies that ^ [P'\ € 
H 1 (S 3 \P,'Z) and, therefore, P' is linked to P. In particular, all orbits P' satisfying 
ficz(P') = 2 are linked to P. 

We shall prove now that sl(P) = — 1. Consider the orientation on S 3 induced by 
A A dX > 0. We orient dF pointing in the same direction of R and this induces an 
orientation o on F. The orientation d on £ is given by dX\ e. Recall the characteristic 



distribution D e = (TF n on F defined in Q. Let V be the vector field 
representing defined in ( [47] ) , which is transversal to dF pointing outside. Since 
R is transversal to F, all singularities have the same sign and they must be positive 
observing that J p dX — J p X > 0. It is well known that after a C°° perturbation 
of F away from a neighborhood of dF, V becomes Morse-Smale, meaning that 
there are no saddle connections and all singular points are non-degenerate. This 
perturbation keeps the transversality of R with F. Let and Ztf be non-zero 
sections of £ — > F and TF — > F, respectively. Since V points outside, we have from 
standard degree theory 

mDd(V\ BFi Z e \ gF )= £ sign(DV(z):(T z D,o z )^^ z ,o' z )) 

V(z)=0 

(62) = J2 sign(W(z) : (T z D,o z ) ->■ (T z D,o z )) 

= wmd(V\g F , Z TF \ 9F ) = 1. 

Note that DV(z) at a zero z of V does not depend on whether we consider V cither 
as a section of £ — » F or as a section of TF —> F. This explains the second identity 
above. 

Pushing dF — P slightly in the direction of Z^ we find a new closed curve Pz, 
which we can assume to be transversal to F and to £, with the orientation induced 
by P. The self-linking number sl(P) is defined to be the intersection number of Pz 
with F. It follows that sl(P) = wmd(Z^\g F , V\g F ) = — wmd(V\g F , Z^\g F ) = — 1. 

Now we show that /icz(P) > 3. We can find neighborhoods U C S 3 of P, 
V C S 1 x M. 2 of S 1 x {0} and a diffeomorphism -0 : W — > V which maps FflW onto 
the set Pi := {y = 0, a; > 0} n V. Here (x,y) are the M 2 -coordinates and z is the 
S^-coordinate. Let Pi := S 1 x {0}. Orienting V by dx Ady Adz, we can assume that 
t/> preserves orientation, (-0*i?)|p = and £x\ Fl '■= (fp*0\Pi = span{d x , d y }\p 1 ■ 
With these choices, the orientation induced by dX\ p is the one induced by dzAdx\p 

and, therefore, the Reeb vector field X :— ip*R satisfies 

. >0. 

Ft 



(63) (X,d y 
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Since wind(Z^\gp, V\qf) = sl(P) = — 1, we have wind(Z := ip^Z^p, V := ip*V\p) = 
— 1, which implies 

(64) wind(z,<9 x ) = -1 

as sections of 

Suppose ncz(P) _ 1- Then, as explained in Section 2.2, we find from (64 1 a 
constant c > such that for every solution y{t) — p{t)e 6 ^ 1 of the linearized flow 
over P\ with respect to the trivialization of £,i\p 1 induced by {d x ,d y }\p 1 , we have 
A(y,T) := 0(T) - 0(0) < -c . This implies that for t large A(y,t) < -2tt and, 
therefore, orbits sufficiently near Pi must wind around the z-axis by an angle of 



less than — 2tt, in contradiction with (63 1. If fJ-cz(P) — 2, then P is hyperbolic and 
has a 2-dimensional stable manifold W . In these local coordinates, the tangent 
space of W s over P\ is spanned by {d z , w} | p 1 , where w is a smooth section of £i | p x 
corresponding to eigenvectors of Dcj)T at every point of Pi. Since ncz(P) = 2 we 



must have wind(w, Z) = 1 and, therefore, (64) implies wind (w, d x ) = wind(w, Z) 



wind(Z, d x ) = 1 — 1 = 0. It follows that an orbit j(t) on W s does not wind around 



the z-axis as t — > +oo, contradicting (63) and the fact that F is a global surface of 



section. We conclude that ncz{P) > 3 and this finishes the proof of necessity in 
Theorem 11.31 
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